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Abstract. We extend the concept of Lifshits— Krein spectral shift function 
associated with a pair of self-adjoint operators to the case of pairs of (admis- 
sible) operators that are similar to self-adjoint operators. An operator H is 
called admissible if: (i) there is a bounded operator V with a bounded inverse 
such that H = V~ 1 HV for some self-adjoint operator H; (ii) the operators 
H and H are resolvent comparable, i.e., the difference of the resolvents of H 
and H is a trace class operator (for non-real values of the spectral parameter); 
(iii) tr(VR — RV) = whenever R is bounded and the commutator VR — RV 
is a trace class operator. The spectral shift function §(A, H, A) associated with 
the pair of resolvent comparable admissible operators (H, A) is introduced then 
by the equality £(A, H, A) = f (A, H, A) where £(A, H, A) denotes the Lifshits- 
Krein spectral shift function associated with the pair (H, A) of self-adjoint 
operators. Our main result is the following. Let Ho and Hi be separable 
Hilbert spaces, Ao a self-adjoint operator in Ho, A\ a self-adjoint operator 
in "Hi, and Bij a bounded operator from Hj to Hi, i = 0, 1, j = 1 — i, and 



has reducing graph subspaces of the form {xi ffi QjiXi : Xi G Hi}, i = 
0,1, j = 1 -i. If both (H - .zl)- 1 - (A - zl)- 1 and BQ(A - zl)" 1 are trace 
class operators in H for some z, Im(z) > 0, then the operators Ai + BijQji 
and Ai, i = 0, 1, j = 1 — i, acting in the spaces Hi are resolvent comparable 
admissible operators. Moreover, the spectral shift function associated with 
the pair (H, A) of self-adjoint block operator matrices H and A admits the 
representation £(A, H, A) = £(A, A + BoiQio^o) + Ai + -BioQoi,^i)- 
We point out the intervals on which the spectral shift functions £(A,Ai + 
BijQji, Ai), i = 0, 1, j = 1 — i, vanish. We also obtain new representations 
for the solution to the operator Sylvester equation in the form of Stieltjes 
operator integrals and formulate sufficient criterion for the strong solvability 
of the operator Riccati equation that ensures the existence of reducing graph 
subspaces for block operator matrices. 




in H with Qoi = 



Q 1( j, and the block operator matrix 
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1. Introduction 



The spectral analysis of operator block matrices is an important issue in operator 
theory and mathematical physics. The search for invariant subspaces, the problem 
of block diagonalization, the analytic continuation of the compressed resolvents 
into unphysical sheets of the spectral parameter plane as well as the study of trace 
formulas attracted considerable attention in the past due to numerous applications 
to various problems of quantum mechanics, magnetohydrodynamics, and areas of 
mathematical physics (see ]AdL2fl , ]AdLMS[ , |Goc| , jLiAf , |MarMal| , JMeSfl , |Mo2| 
and references cited therein). 

In this work we restrict ourselves to the study of self-adjoint operator block 
matrices of the form 

Ao B i 
B w A l 



(1.1) 



H 



acting in the orthogonal sum H = Ho®Hi of separable Hilbert spaces Ho and Hi- 
The entries Ai, i = 0, 1, are assumed to be self-adjoint operators in Hi on domains 
dom(Ai). The off-diagonal elements By : Hj — ► Hi, i = 0, 1, j = 1 — i, Boi = S 10 , 
are assumed to be bounded operators. 

Under these assumptions the matrix H is a self-adjoint operator in H on dom(H) = 
dom(Ao) © dom(Ai) = dom(A) where A = diag{Ao, Ai}. We also use the notation 

Sox 
Sio 

In the circle of idea s concerning the block diagonalization problem for block 
operator matrices (1.1) the existence of invariant graph subspaces plays a crucial 
role. Recall that a subspace Qi, i = or i = 1, is said to be a graph subspace of H 
associated with the decomposition H — Hq © Hi if it is the graph of a (bounded) 
operator Qji, j = 1 — i, mapping Hi to Hj. 



H = A + B where B 



The existence of a reducing graph subspace for a block operator matrix (1.1) 
is equivalent to the existence of a bounded off-diagonal strong solution Q to the 
operator Riccati equation 

(1.2) QA AQ + QBQ = B 

having the form 



(1.3) 



Q 



o 

Qw 



Qoi 
o 



Qio — - Q 



ox- 



Given a strong solution (1.3) to the equation (1.2), the operator matrix H = 
A + B has invariant graph subspaces Go = {x £ H : Ph x x — QioPn x } an d 
Qi = {x S H : Pu Q x = QoiPh-l x } where P-^ denote the orthogonal projections in 
H = Ho © Hi onto the channel subspaces Hi, i = 0,1. As a consequence, H can 
be block diagonalized 



(I + Q) _1 H(I + Q) = A + BQ = 



An 



BoiQio 






Ai + BioQoi 

by the similarity transformation generated by the operator I + Q. Under these 
circumstances the block-diagonalization problem for H by a unitary transformation 
admits an "explicit" solution, 

' H Q 
Hi 



(1.4) 



U*HU 
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-Q|, and 
BqiQiq 



where U is the unitary operator from the polar decomposition I+Q = U|I 
the diagonal entries Hi, i = 0,1, are self-adjoint operators similar to Aq - 
and A\ + B10Q01, respectively. 

Therefore, typical problems of qualitative perturbation theory such as the exis- 
tence of the graph invariant subspaces, as well as a possibility of the block diag- 
onalization can be reduced to purely analytic questions concerning the solvability 
of operator Riccati equations. Extensive bibliography is devoted to the subject. 

|AdLMSp , jAdLTj , 



Not pretending to be complete we refer to 



Adt 


]• 1 


AdMS], [ 


AtLMS 


1- 1 


BhDM( 


MeMol|, [McMo2|, jMeSfl, [Mol[ 



[BhR|, 



AdLl | 



Rc 



[ AdL2| 



DK2 



[LuR|, [MalMi|, 



An intriguing problem of quantitative perturbation theory is the study of the 
relationship between geometrical characteristics of rotations of the invariant sub- 
spaces and the accompanying shifts of the spectrum under a given perturbation. 
It is the development of the quantitative perturbation theory for self-adjoint block 
operator matrices that is the main goal of the present paper. 

In this context, the most important numerical quan ti tativ e spect r al ch ar acter - 
istics is the Lifshits-Krein spectral shift function |LiIl|, | LiI2 1 , [Krl , Kr2], |Kr3|. 



Detailed reviews of results on the spectral shift function and its applications were 
published by Birman and Yafaev fBiYl|] , |BiY2] , [Q and by Bir man and Pushnitskii 
BiP|. F or many more re feren ces the interested reader can co nsult [GcSjj, |GcMl |, 
GcM2| , |GcMN|| , JPu| , |Pu|. For recent results we refer to flGcMlyfl , fKcf, |Pu2fl , 
Pu4|, and 

The spectral shift function £(A;H,A) associated with the pair (H,A) of self- 
adjoint operators is usually introduced by the trace formula 



(1.5) 



tr(¥>(H)-v>(A)) = / dV(A)£(A;H,A). 



The trace formula (1.5) holds for a rather extensive class of functions p : R — > 
C, including the class C^°(R) of infinitely differentiable functions with a compact 
support, provided that the self-adjoint operators H and A arc resolvent comparable, 
that is, the difference of their resolvents is a trace class operator. 

In case of the block operator matrices the quantitative spectral analysis outlined 
above has a series of s peci fic features. In particular, if the matrix H admits a block 
diagonalization as in (1A), one might expect the validity of the following splitting 
representation for the spectral shift function 



(1.6) 



H, A) = £(A; H , A ) + £(A; H\,A\). 



However, a certain difficulty in this way is that the spectral shift function asso- 
ciated with a pair of self-adjoint operators is not stable with respect to unitary 
transformations of its operator arguments. That is, if U is a unitary operator, the 
representation 



(1.7) 



£(A;U*HU,A)=£(A;H,A) 



fails to hold in general, even if both terms in (1.7) are well-defined (see Example 

One of the main goals of the present paper is to extend the concept of the 
spectral shift function to pairs of admissible (similar to self-adjoint) operators (see 
Definition 4.4) followed by the proof of the splitting formula (|l.6|) as well as the 
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proof of its "non-self-adjoint" version 

(1.8) £(A, H, A) = £(A, A + B 01 Q 10 , A ) + £(A, A 1 + B W Q 01 , 

in the Hilbert-Schmidt class perturbation theory. 

It is worth mentioning that the splitting formula (1.8) connects a purely spectral 
characteristics of the perturbation, the spectral shift function £(A,H, A), with the 
geometry of mutual disposition of the invariant graph subspaces of the operator 
matrix H determined by the angular operator Q (provided that the reducing graph 
subspaces for H exist). 

The plan of the paper is as follows. 

In Section ^ we compare different representations for the solutions of the operator 
Sylvester equation ( |2.3| ) and obtain new representations for its strong solution based 
on t he op erator Stieltjes integrals approach. These are the representations ( 2.26 ) 
and fl2.28| ). 

In Section || we extend our key result of Section || (Theorem 2.14) to the case of 
the operator Riccati equation 

(1.9) QA - CQ + QBQ = D 

with self-ajoint (possibly unbounded) A and C and bounded B and D. One of our 
main results (see Theorem 3.7) provides a series of new sufficient conditions that 
imply the weak or strong solvability of (1.9). We prove, in particular, that if the 
operators A and C are bounded and 

^\\B\\\\D\\ < - dist{spec(A),spec(C)}, 



then 



1.9) has even an operator solution 
B 



This result is optimal in the following 
the best possible constant c in the inequality 



sense: in case where D 

\\B\\ < c dist{spec(A),spec(C)} 
that implies the solvability of ( |l . 9| ) lies within the interval [^,\/2] (see Remark 

yj)- 

In Section || we introduce the concept of a spectral shift function for the pa irs o f 
admissible operators which are similar to self-adjoint (see Definitions 4.4 and 4.7). 
We relate our general concept of the spectral shift function associated with pairs of 
operators similar to self-adjoint to the one based on the perturbation determinant 
approach originally suggested by Adamjan and Langer in the case of trace class 
perturbations []AdLl ] . 

In Section fcl we discuss invariant graph subspaces for block operator matrices 
and link their existence with the existence of strong solutions to the corresponding 
Riccati equations (Lemma 5.3 and Theorem 6.1) 

In Secti on Bl under rather general assumptions we prove the splitting formulas 
(|T|) and ((j~ 

Section 



|) (Theorem 

7| is devoted to a detailed study of the case where the spectra of the 
diagonal entries Aq and Ai of the operator matrix H are separated. Based on the 
results of Sec. ^ we prove one of the central results of the present paper (Theorem 
7.13 and Corollary 7.15) concerning the validity of the splitting formulas (1.6), (1.8) 
in case of Hilbert-Schmidt perturbations B: if the perturbation B is sufficiently 
small in a certain sense (see Hypotheses 7.1 and 
and A are resolvent comparable, then 

(i) the splitting formulas (|1.6|) and (l.S) hold; 



7.2) and the operators H — A + B 
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(ii) the following equalities are valid 

f (A; H a , A ) = f (A; A + B01Q10, A ) = 0, for a. e. Ae spec(A ) 
£(\;H u A 1 )=t(\;Ai+BioQio,A 1 )=0, for a.e. A e spec(A\). 

2. Sylvester equation 

The principal purpose of this section is to introduce a new representation for the 
solution X of the operator Sylvester equation 

XA-CX = Y. 

We also discuss and compare the known representation theorems for solution X. For 



a deta il exp os ition a nd i nt rod uction to the subject we refer to the papers BhDM | , 
|BhR[| , jDR|, ULtiRJ , |Ph| , |^o| and references therein 



In the following B(Ti 1 K.) denotes the Banach space of linear bounded operators 
between Hilbert spaces Ti and /C. By B P (TL, JC), p > 1, we understand the standard 
Schatten-von Neumann ideals of B(H, K.). For B(H, TL) and B P (H, TL) we use the 
corresponding shorten notation BiTL) and B P (TL). The B P (H, /C)-norm of a bounded 
operator T acting from TL to K. is denoted by ||T|| P . 

Given two Hilbert spaces TL and /C, recall the concept of symmetric normed 
ideals of B(H,K), following jGohKr |. 



Definition 2.1. A two-sided ideal S C B(TL, K.) is called a symmetric normed ideal 
of B{Ti, K,) if it is closed with respect to a norm \\\ ■ \\\ on S which has the following 
properties: 

(i) ifTeS,Ke B(K), H e B{H), then KTH S B(H,K.) and |||^Tif||| < 

||a-|| prill ii^ii; ^ 

(ii) if T is rank one then \\\T\\\ = \\T\\. 

For technical reasons we also assume that 

(iii) ifT n £ S with sup n |||T„||| < oo ; and ifT n ^>A in the weak operator topology, 
then AeS and \\\A\\\ < sup„ |||T n |||. 

Recall that if K = "H then for any symmetric normed ideal S possessing the 
properties (i)-(iii) and being different from B(7i) : the following holds true: 

C S c Boo(W)- 

The symmetric norm on B^TL) coincides with the operator norm in B{TL). 

Following | MeMol| , we recall the concept of a norm with respect to the spectral 



measure of a self-adjoint operator. 

Definition 2.2. Let Y € B(H.,JC) be a bounded operator from a Hilbert space Ti. 
to a Hilbert space K and let {Ec(X)} be the spectral family of a self-adjoint (not 
necessarily bounded) operator C acting in the Hilbert space IC. Introduce 

(2-1) \\Y\\ Ec =( S u V Y,\\Ec(6 k )Y\A , 

where the supremum is taken over a finite (or countable) system of mutually disjoint 
Borel subsets {8k}, 5k H Si — 0, if k ^ I. The number ||^||e c * s called the Eq- 
norm of the operator Y. For Z £ B(JC,H.) the Ec-norm \\Z\\e c is defined as 
\\Z\\ Eo = \\Z*\\ Eg . 
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One easily checks that if the norm ||y||.E c is finite one has 

11*11 < ||*1U C . 

If, in addition, Y is a Hilbert-Schmidt operator, then 
(2-2) \\Y\\ Eo < \\Y\\ 2 , YeB 2 (H,!C), 

where || • H2 denotes the Hilbert-Schmidt norm in Bi(^-i,lC). 

Definition 2.3. Let A and C be densely defined possibly unbounded closed opera- 
tors in the Hilbert spaces H. and fC, respectively. A bounded operator X £ B(H.,1C) 
is said to be a weak solution of the Sylvester equation 

(2.3) XA-CX = Y, YeB(H,K), 
if 

(2.4) (XAf, g) - (Xf, C*g) = (Yf, g) for all f £ dom(A) and g £ dom(C*). 

A bounde d op erator X £ B(H,IC) is said to be a strong solution of the Sylvester 
equation (|2.3|) if 



(2.5) ran [X 



dom(A) 



C dom(C), 



and 

(2.6) XAf - CXf = Yf for all f £ dom(A). 

Finally, a bounded ope rator X £ B{TL, K,) is said to be an operator solution of the 
Sylvester equation ( |2.3|) if 

ran(A) C dom(C), 
the operator XA is bounded on dom(AA) = dom(yl), and the equality 

(2.7) ~XA~CX = Y 

holds as an operator equality, where XA denotes the closure of XA. 



Along with the Sylvester equation (2.3) we also introduce the dual equation 
(2.8) ZC* - A*Z = Y*, 

for which the notion of weak, strong, and operator solutions is defined in a way 
analogous to that in Definition 2.3. 



It is easy to see that if one of the equations (2J3) or (2^) has a weak solution 
then so does the other one. 

Lemma 2.4. Let A and C be densely defined possibly unbounded closed operators 
in the Hilbert spaces Ji and K, respecti vely. Then an operator X 6 B{7i,K) is a 
weak solution to the Sylvester equation (2.3) if a nd o nly if the operator Z = —X* 
is a weak solution to the dual Sylvester equation (|2.8|). 



Proof. Acco rding to Definition 2.3 an operator X £ B(Ti,K.) is a weak solution to 
(U) if (U) holds. Meanwhile, (fj) implies 

-(X*C*g,f) + (X*g,A*f) = (Y*g,f) for all g £ dom(C*) and / £ dom(A). 

Thus, by Definitio n |2.3| the operator Z = —X* is a weak solution to the dual 
Sylvester equation ( [2.8] ). The converse statement is proven in a similar way. □ 
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The following result, first proven by M. Krein in 1948, gives an "explicit" repre- 
sentation for a unique solution of the Sylvester equation X A — CX — Y , provided 
that the spectra of the operators A and C are disjoint and one of them is a bounded 
operator. (Later, this result was independently obtained by Y. Daleckii |E)| and 
M. Rosenblum iRc 



Lemma 2.5. Let A be a possibly unbounded densely defined closed operator in the 
Hilbert space Ti and C a bounded operator in the Hilbert space K, such that 

spec(y4) n spec(C) = 



and Y € 13(0., IC). Then the Sylvester equation (2.3) has a unique operator solution 



(2.9) X = ± { ^d((C-()- 1 Y(A-(r 1 , 

where 7 is a union of closed contours in the complex plane with total winding 
numbers around spec(A) and 1 around spec(C) and the integral converges in the 
norm operator topology. Moreover, ifY£S for some symmetric ideal S C B(H,IC) 
with the norm \\\ ■ |||, then X € S and 

\\\X\\\ < (2^)- 1 | 7 |su P ||(C-C)- 1 || IKA-Cr 1 !! Pill, 

where \^/\ denotes the length of the contour 7. 

If A and C are unbounded densely defined closed operators, even with separated 



spectra, that is, dist{spec(A), spec(C)} > 0, then the Sylvester equation (2.3) may 



not have bounded weak solutions (see |Ph| for a counterexample). Nevertheless, 



under some additional assumptions equation (2.3) is still weakly solvable 



The next statement is a generalization of Lemma 2.5 to the case of unbounded 



operators, a result first proven by Heinz [Hoi 



Lemma 2.6. Let A — ^1 and —C — ^1 , d > 0, be maximal accretive operators in 
Hilbert spaces Ji and JC, respectively, and Y S B(H, K.) . Then the Sylvester equation 



,ct v „-At 



(2.2) has a unique weak solution 

r+oc 

(2.10) X = / ^e G '*re 

^0 

where the integral is understood in the weak operator topology. Moreover, ifY*ES 
for some symmetric ideal S C B(TL, K.) with the norm \\\ ■ \\\, then X € S and 

|||X|||<i|||Y|||. 

If both A and C are self-adjoint operators with separated spectra one still has 
a statement regarding the existence and uniqueness of a weak solution with no 
additional assumptions. 

Theorem 2.7. Let A and C be self-adjoint operators in Hilbert spaces TL and JC 
and 

(2.11) d = dist{spec(A), spec(C)} > 0. 
Then the Sylvester equation ( p. 3] ) has a unique weak solution 

(2.12) X = / e itc Ye- itA f d (t)dt, 
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where the integral is understood in the weak operator topology. Here fd denotes any 
function in L (K), continuous except at zero, such that 



(2.13) 



c fd(s)ds = — whenever \x\ > — 



Moreover, ifY<ES for some ideal S C B{TL,1C) with a symmetric norm 
X G S and 



\, then 



(2.14) 
where 
(2.15) 



||X|||<-|||Y|||, 



7T 

C= 2 



and estimate (2.14) with the constant c given by ( |2.15 ) is sharp. In particular, the 
estimate ( |2.14| ) ; fl2.15| ) holds for any Y € B(H,K.), that 



is, 



(2.16) 



\n< Yd \\y\ 



Remark 2.8. Theorem 2.7 with the following bounds for the best possible constant 

c m (fnj) 



(2.17) 



2 ~ C ~ 2 



has been pro ven i n | BhDM | . From [ BhDM | one can also learn that the best possible 
constant in ( 2.14 ) admits the following estimate from above 



(2.18) 

where 



c<inf{||/|| L i (R) : /eL'fM), /(*) = -. H > l}, 



f(x) = / e- lsx f d (s)ds, x e 



The fact that t he infi mum in ( 2.18 ) equals 7r/2 goes back to B. Sz.-Nagy and 
A. Strausz (cf. SzN IV. T he proof of the fact that the value c = n/2 is sharp is 
due to R. McEachin | McE] , 

The discussion of existence of strong solutions to the Sylvester equation needs 
some technical tools from the Stieltjes theory of integr ati on. We bri efly reca ll the 
main concepts and results of this theory (see AkhG], [AdLMS , [MeMolj, and 
references therein). 

Definition 2.9. Let [a,b) C K, — oo < a < b < +oo. Assume that C is a self- 
adjoint possibly unbounded operator in K, and {Ec(n)}p,eR is its spectral family. 
The operator-valued function 

F : [a,b) -f B(JC,H) 

is said to be uniformly {resp. strongly, weakly) integrable from the right over the 
spectral measure dEc(fJ-) on [a,b) if the limit 



(2.19) 



F^dEdp) 



max |<5, 

k=i k 



lim J2F(Ck)E c (S 



(nh 
k i 



fc=l 
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exists in the uniform (resp. strong, weak) operator topology. Here, d[ = [/ife_i, pk) 
and \Sfc\ = (ik — Mfe-i) k — 1,2, . . . ,n, where a = fig < fi± < . . . < /j, n = b is a 
partition of the interval [a, b), and <= . 27ie Ziroii value ( |2.1S| ), if it exists, is 
called the right Stieltjes integral of the operator-valued function F over the measure 
dEc (jj) on [a, b) . 

Similarly, the function 

G : [a,b) -> B(H,K) 

is said to be uniformly {resp. strongly, weakly) integrable from the left over the 
measure dEc(p) on [a, b), if there exists the limit 

\ n 

(2.20) dE c (p)G(p)= lim V E c (6 k n) )G(( k ) 

in the uniform (resp. strong, weak) operator topology. The corresponding limit 



value (2.20), if it exists, is called the left Stieltjes integral of the operator-valued 



function G over the measure dEc(p) on [a, b). 



Lemma 2.10 ([MeMolj, Lemma 10.5). An operator-valued function F(/j.), 

F : [a,b) -> B(K,H), 

is integrable in the weak (uniform) operator topology over the measure dEc(p) on 
[a,b) from the left if and only if the function [F(fi)]* is integrable in the weak 
(uniform) operator topology over the measure dEc(p) on \a,b) from the right and 
then 

b i * b 

= J dE c (p) [F(p)}*. 



(2.21) 



F((i)dE c ((i) 



Remark 2.11. In general, the convergence of one of the integrals (2.21) in the 
strong operator topology only implies the convergence of the other one in the weak 
operator topology. 

Some sufficient conditions for the integrability of an operator-valued function 
F(p) over a finite interval in the uniform operator topology are available. For 
instance, we have the following statement. 



Lemma 2.12 ([AdLMS], Lemma 7.2 and Remark 7.3). LetH andIC be Hilbert spaces 
and let C be a self-adjoint operator inJC. Assume that the operator-valued function 
F, F : [a, 6) — > B(K,,TL), satisfies the Lipschitz condition 

(2.22) \\F(fJ, 2 ) -F(jn)\\ < c|/z 2 -/ii| for any fi 2 G [a,b) 

for some constant c > 0. Then the operator-valued function F is right-integrable 
on [a,b) with respect to the spectral measure dEc(p) in the sense of the uniform 
operator topology. 

b 

The improper weak, strong, or uniform right (left) integrals J F(p) dEc(n) 



b 



dEc(p) G(n) with infinite lower and/or upper bounds (a = —oo and/or 
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b = +00) are understood as the limits, if they exist, of the integrals over finite 
intervals in the corresponding topologies. For example, 

00 b 

dE c (n)G{n)= lim fdEc(fi)G^). 

a! — oc o\oc J 



We also use the notations 



and 



+00 



dE c (n)G( P )= / dE c (n)G(fji) 



spcc(C) 



+00 



F(fi)dE c (fi)= / F(n)dE c ^) 



spcc(C) 



Lemma 2.13 ([MeMolj, Lemma 10.7). Let an operator-valued function F : spec(C) 
B(H) be bounded 

\\F\\oo= sup \\F(n)\\<co, 

^Gspec(C) 

and admit a bounded extension from spec(C) to the whole real axis R which satisfies 
the Lipschitz condition ( 2.22j ). If the Ec-norm \\Y\\e c of the operatorY € B(TL,1C) 
is finite, then the integrals 

J dE c (fi)Y F(p) and J F(ji)Y* dE c (p) 

spcc(C) spcc(C) 

exist in the uniform operator topology. Moreover, the following bounds hold 



(2.23) 



(2.24) 



dEc^Y F(p) 



<\\Y\\ Ec -\\F 



spcc(C) 



F(fi) Y* dE c (p) 



spcc(C) 



< liri 



E C 



\F\\ 



Now we are ready to state the key result of this section: if either A or C is 
self-adjoint, then a strong solution to the Sylvester equation, if it exists, can be 
represented in the form of an operator Stieltjes integral. 

Theorem 2.14. Let A be a possibly unbounded densely defined closed operator in 
the Hilbert space Ti. and C a self-adjoint operator in the Hilbert space JC. Let Y € 
B{TL,1C) and suppose that A and C have separated spectra, i. e., 

(2.25) dist{spec(A),spec(C)} > 0. 

Then the following statements are valid. 



(i) Assume that the Sylvester equation (2.3) has a strong solution X G B{TL,K). 
Then X is a unique strong solution to ( [2.3] ) and it can be represented in the 
form of the Stieltjes integral 



(2.26) 



X 



pec(C) 



Ec{d^)Y{A-f,)-\ 
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which converges in the sense of the strong operator topology in B(7i,K,). 

Conversely, if the Stieltjes integral ( |2.26 ) converges in the strong operator 
topology, then X given by (2.26) is a strong solution to (2.3). 
(ii) Assume that the dual Sylvester equation 

(2.27) ZC - A*Z = Y* 

has a strong solution Z £ B(K,,TL). Then Z is a unique strong solution 
to (2.27) and it can be represented in the form of the Stieltjes operator integral 

(2.28) Z = ~l (A* -fiy^Ecidn), 

which converges in the sense of the strong operator topology in B(JC,H.). 

Conversely, if the operator Stieltjes integral in (2.28) converges in the 
strong operator topology, then Z given by (2.28) is a strong solution to ( [2.27 ). 



Proof, (i) Assume that the Sylv ester equation (2.3) has a strong solution X £ 
B(Ti,K.) 7 that is, (2.1) and (|2.6|) hold. Let 8 be a finite interval such that 8 n 



spec (C) ^ and fi§ £ 8 n spec (C). Applying to both sides of (2.6) the spectral 
projection Eq{8), a short computation yields 

(2.29) E c (8)XAf - nsEc(8)Xf = E C {8)Y f + E C {8){C - (i 5 )Xf 

for any / £ dom(A). Since /15 £ <5 H spec (C), by ( 2.25|) one concludes that ^5 
belongs to the resolvent set of the operator A. Hence, ( [2.2 9| ) implies 

(2.30) E C (8)X = E C (8)Y(A - fig)- 1 + (C - ^)E C (6)X(A - ^ 6 )~ l . 

Next, let [a, b) be a finite interval and {8k} a finite system of mutually disjoint 
intervals such that [a, b) = UkSk- For those k such that 6k fl spec (C) ^ pick a 
point /j,g k £ 8k H spec (C) . Using ( |2.3Cj ) one obtains 

fc:(5 fc nspcc(C)#0 fc:<5 fc nspec(C)^0 

(2.31) + {C-^ k )E c {8 k )X(A-m k )-\ 

fc:<5 fc nspoc(C)#0 

The left hand side of (^3l| ) can be computed explicitly: 

(2.32) ^ £ c (5 fe )X = £ c ([a,6)n spec(C))X = J E c ([a ! 6))X. 

<5 fc nspcc(C)^0 

Th e first term on the r. h. s. of ( 2.31 ) is the integral sum for the Stieltjes integral 
( [2.26| ). More precisely, sinc e {A — fi)^ 1 is analytic in a complex neighborhood of 
[a, b] D spec(C), by Lemma [2.12| one infers 



(2.33) 



7i-lim 

max |<5fc I — >0 
k fc:.5 fe nspec(C)#0 



Ec{8k)Y(A — Ms*) -1 

C)#0 

Ec^y^-/*) -1 . 



[a,b)nspcc(C) 



The last term on the right hand side of (2.31) vanishes 



(2.34) 



n-lim 

max \5k I — >0 



(C-vs k )E c (6k)X(A- 



k:5 k nspec(C)^IS 
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This can be seen as follows. For any / g TL we have the estimate 

2 

J2 (C-» 5k )E c (5 k )X(A-» Sk )- l f 

(5 fc nspcc(C)^0 

]T (A* - ^y'X^C - n 5k fE c {8 k )X{A - /mJ- 1 /, / 

H-:(5 fc nspcc(C)^0 

Y, N^ni^-Mj-Tii/ii 2 

(5 fc nspoc(C)#0 

< (6-a)||X|| 2 ||/|| 2 max\h\ 



X 1 1 2 



sup \\{A-^)-'\\ 

)LtG[a,6)n spec(C) 



Here we have used the estimate 



\(C-vs k ) 2 Ec(6 k )\\ 



< sup (/i - /i 5fc ) 2 < |5 fc | 2 . 



Passing to the limit max|(5fc| — > in (2.31), by (2.32)-(2.34) one concludes that for 

k 

any finite interval [a, b) 
(2.35) E c ([a,b))X = 



Since 



E c (dti)Y(A-»)-\ 



[o,b)nspoc(C) 



lim E c ([a,b))X = X, 



s 

a — > — oo 
b — > +oc 



( 2.35| ) implies ( 2.26| ), which, in particular, proves the uniqueness of a strong solution 
to the Riccati equation ( |2.3| ). 

In order to prove the converse statement of (i), assume that the Stieltjes integral 
on the r.h. s. part of ( |2.35D converges as a — > — oo and b — ► +oo in the strong 
operator topology. Denote the resulting integral by X. Then, (2.35) holds for any 
finite a and b. This implies that for any / 6 dom(A) we have 

CE c {[a,b))Xf - E c {[a,b))XAf 

J Ec(dfi)Y(A — — A)f 

[a,b)n spec(C) 

J E c {d l x)Yf = -E c {[a,b))Yf. 

[a,b)n spec(C) 

Hence, 

(2.36) CE c {[a,b))Xf = E c {[a,b))XAf - E c {[a,b))Yf for any / e dom(A) 
and CEc([a, b))Xf converges to XAf + Yf as a — > — oo and b — » +oo. Therefore, 

sup\\CE c ([a,b))Xf\\ 2 =sup / v 2 d(E c Xf,Xf) < 

a<b a<b J 



OO 



and, hence, 
(2.37) 



[a,b)nspcc(C) 



Xf E dom(C). 
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Then (HH) can be rewritten in the form 

(2.38) Ec([a,b))CXf = E c ([a,b))XAf-E c ([a,b))Yf, a < b. 

Combining ( 2.37| ) and ( |2.38[ ) proves that X is a strong solution to the Sylvester 
equation ( |2.3| ). 

(ii) Assume that the dual Sylvester equation ( |2.8| ) has a strong solution Z e 
B(K.,Tt). As in the proof of (i), choose a finite interval 5 C R such that 6 n 
spec (C) 7^ 0. Since £ C (£)/C C dom(C*), we have ZE c (S)f e dom(A*) for any 
/ € AC by the defin ition of a strong solution. Take a point /ia € S PI spec (C). It 
follows from ( 2.25 ) that fi$ & spec(A*). As in the proof of (i), it is easy to check 
the validity of the representation 

(2.39) ZE c (6)f = -(A* - ^r^EciS)} - (A* - ^ b )- x Z{C - ns)E c (8)f, 

which holds for all / G K. 

Next, let [a, b) be a finite interval and a finite system of mutually disjoint 
intervals such that [a, b) = UkSk- For those k such that 5k fl spec (C) ^ pick a 
point [is k € Sk H spec (C) . Using ( |2.39| ) one then finds that 

Z£fc([M))/ = - E (^4* - ^s k )~ 1 Y*E c (Sk)f 

fe:5 fc nspec(C)^0 

(2-40) - £ (A- Al5 J- 1 Z(C-/i 5 J J Bc(4)/. 

fc:5 fc nspec(C)#0 

The equality Q2.34 ) implies 

(2.41) n-Hm £ (4* - ^J-^C - nt h )E c (5 k ) = 0. 

max oi. — »0 
fc /c:<5 fc nspec(C)#0 



Thus, passing in ( 2. 40 ) to the limit as max|£fe| — > one infers that 

fc 

(2.42) - /" (A*-/i)- 1 r*i? c (d A1 )/ = Zi? c ([ a ,6))/. 

[a,6)nspec(C) 

Since for any f £ K. 

Urn ZE c ([a,b))f = Z, 

a — > — oo 
6 — > +oo 



one concludes that the integral on the r.h. s. part of (2.28) converges as a — > — oo 
and 6 — ► +00 in the strong operator topology a nd ([2.28 ) holds, which gives a unique 
strong solution to the dual Sylvester equation ( |2.27| ). 

In order to prove the converse statement of (ii), assume that there exists the 
strong operator limit 

(2.43) Z= s-lim f (A*-ii)- 1 Y*E c (dn), Z e B(JC,H). 

a — > — oo J 

b — > +oo [a,b)nspec(C) 

For any finite a and b such that a < b we have 

(2.44) ZE c {[a, b) = - [ (A*- /j,)~ 1 Y*Ec(d(j,). 

Jspec(C)n[a,b) 
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By (2.25) any point ( e spec(C) belongs to the resolvent set of the operator A and, 
hence, to the one of A* . Picking such a £, ( £ spec(C), the operator (2.44) can be 
split into two parts 

(2.45) ZE c ([a, b)) = J^a, b) + J 2 (a, b), 
where 

(2.46) J! (a, b) = -{A* - Q-^Ecda, b)), 

(2.47) J 2 (a,b) = +(A* - C)- 1 J ((-^(A* -nr^Eddfi). 

spec(C)n[a,b) 

Using the functional calculus for the self-adjoint operator C one obtains 

J 2 (a, b)f = — (A* - Cr 1 J {A* - E c (d») | (C - Of, 

\spec(C)n[a,f)) 

for / S dom(C). 
Thus, for / E dom(C) one concludes that 
Zf= lim ZB c ([o,6))/ 

a — ► — oo 
6 — > +oc 

= lim Ji(a, 6)/ + lim J2(a, &)/ 

a — » — oo a — * — oo 

b — * +oo 6 — > +oo 

= - (A* - C)" 1 ^*/ 



since 



(2.49) 



(A* - C)- 1 | J (A*~ ri^VEcidn) | (('■ s 1/ 

v spec(C) 

That is, 

(2.48) Z/ = -(^-C)" 1 ^/ + (^-0" 1 ^-0/, /edom(C), 



/ (A* - A1 )- 1 r* J B c (^) 

J spcc(C) 

J (A* - nr^Eddn) = Z 



s-lim 

a — > — oo 
b — > +oo spec(C)U[o,b) 



by ( |2.43D . It follows from ( [2.48D that e dom(A*) for any / e dom(C) and, thus, 



(2.50) 



ran Z 



dom(C) 



C dom(A* 



Applying A* — £ to the both sides of the resulting equality (2.48) one infers that 
Z is a strong solution to the dual Sylvester equation ( [2.27 ) which completes the 
proof. □ 
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Corollary 2.15. Assume the hypothesis of Theorem 2.14. Assume, in addition 



that the Sylvester equations (2.3) has a strong solution X G B(7i, fC). Then Z = 
—X* is a unique weak solution to the dual Sylvester equation (|2.8| ). Vice versa, if 
Z £ B{fC, Tt) is a strong solution of the dual Sylvester equation ( |2.8| ) ; then X = —Z* 
is a unique weak solution to the equation (2.3). 



Remark 2.16. The proofs of parts (i) and (ii) of Theorem 2.14 are slightly dif- 
ferent in flavour owning to the fact that the operation of taking the adjoint is not 
continuous in the strong operator topology. Hence, in general, we are not able to 
state that the strong convergence of the Stieltjes integral in (2.2t) implies the strong 
convergence of that in ( 2.2§| ) and vice versa (cf. Remark 2.11). 

For the sake of completeness we also present a "weak" version of Theorem |2.14 . 



Theorem 2.17. Assume the hypothesis of Theorem 2.14. Then the following state- 
ments are equivalent. 

(i) The Sylvester equations ( [2~3| ) has a weak solution X 6 B{H,)C). 

(ii) There exists the weak limit 



(2.51) 



X = 



zw-lim 

a — > — oo 
b — > +oc 



(iii) The dual Sylvester equation (2 

(iv) There exists the weak limit 



E c {dn)Y{A-n)- 

spec(C)n[a,&) 

has a weak solution Z 



-X* e B{JC,H). 



(2.52) 



Z 



w-lim 

a — > — oc 
b — > +oo 



spec(C)n[a,b) 



(A* - ri-^Ecidfx). 



The statement below concerns the existence of strong and even operator solutions 
to the Sylvester equation. 



Lemma 2.18. Assume the hypothesis of Theorem 2.14. Assume, in addition, that 
the condition 

(2.53) sup ||(A-^) _1 || < oo 

spcc(C) 

holds and the operator Y has a finite Ec-norm, that is, 

(2.54) ||y|| Bc <oo. 



Then the Sylvester equations (2.S) and (2.8) have unique strong and, hence, 
uniqu e weak solutions X G B(H,IC) given by ( 2.26 ) and Z g B (IC, H ) giv en by 
(2.2J), respectively, and, moreover, Z = —X*. In representations (2.26) and (2.28) 
the Stieltjes integrals exist in the sense of the uniform operator topology. 

Assume, in addition, that 

sup (A — ^) _1 | < oo. 

fi£ spec(C) 

Then 



(2.55) 



(2.56) ran(X) C dom(C), 

(2.57) ran(Z) C dom(A), 

and, thus, X and Z appear to be operator solutions to (^^) and ( [2.8j ) 7 respectively. 
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Proof. By ( |2.53| ), (2.54), and Lemma 2.13| the operator Stieltjes integrals in (2.26) 
and ( [2.28| ) can be understood in the operator norm topology. Thus, X given (2.26) 
and Y given by ( 2.2gQ are u nique strong solutions to the Sylvester equations ([2.3) 
and ( |2.8| ) by Theorem 2.14. Therefore, the operators X and Z are unique weak 
solutions and Z = — X* by Theorem 2.17. 

In order to prove ( 2.56| ) it suffices to note that under conditions ( J2.55 ) and ( [2.54 ) 
for any / G % and for any a, b G R, a < b, due to ( 2.26| ) the following estimate 
holds 



J n 2 d(E c Xf,Xf) = \\CEc{{a,b))Xf\\ 



[a,fe)n spcc(C) 



(Y*E c (dn)Y f i (A - m)- 1 /, h{A — tx)- l f) 



[a,b)nspoc(C) 



< 



Thus, 



\\Y\\ 2 Ec ( sup \\»{A- ^\\) \\f\f 

\fi£ spcc(C) / 

J vL 2 (E c Xf,Xf) <oo, 



spcc(C) 

which proves that Xf € dom(C) and, hence , the inclusion ( [2.56] ) is proven. 

It remains to prove the inclusion ( [2.57 ). Given £ £ spe c(C), we represent 
ZEc([a, b)) for some finite a,b £ R , a < b, in the form ( 2.45 ) where Ji(a, b) and 
J2(a, b) are just the same ones as in ( 2.46| ) and ( 2.47 ), respectively. Under con dition 
( Psit ), by Theorem |I| one concludes that the operator Stieltjes integral in ( |2.47|) 
converges as a — > —oo and b — > +oo in the uniform operator topology to some 
operator M G B(K,,H.). Then, from ( 2.45| ) one learns that for any / G K 

Zf= lim ZE c ([a,b))f 

a — > — oo 
b — * +oo 

= lim Ji(a,b)f 4- lim ^(a^b)/ 



+00 



-(a* -cr^f + iA* -o-'Mf 



and, thus, Zf G dom(A) which proves ( p.57[ ) 
The proof is complete. 



□ 



Remark 2.19. // the operator A is self-adjoint, then the strong solution of the 
Sylvester equation, if it exists, can be represented in the form of the repeated Stieltjes 
integral 

dE A {\) 



(2.58) 



X = 



spcc(C) 



dE c (ti)Y 



pec(A) 



A 



If, in addition, Y is a Hilbert- Schmidt operator, then the repeated integral ( 2.58 ) 
can also be represented in the form of the double Stieltjes integral 



(2.59) 



X 



pec(C) xspcc(A) 



dE c {fi)YdE A (X) 
X — /i 
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where the integral (2.59) can be understood as the B^-norm limit of the integral 
sums of the Lebesgue type. It is also worth to mention that by a theorem by Birman 
and Solomjak [BiS| under condition (2.25) we have the estimate 

(2-60) ||X|| 2 <i||F|| 2 , 



where d = dist{spec(A), spec(C)}. Moreover, the estimate ( 2.60| ) is sharp in the 
class of Hilbert- Schmidt operators. 



Remark 2.20. IfY is a Hilbert- Schmidt oper ator, inequality (2.60) is a consider- 
able improvement of the more general estimate ( 2.14 ), the latter being sharp only in 
the c lass of all symmet ric n ormed ideals. We also remark that if A is self-adjoint 
and (2.54) holds, then (2.2€) implies the estimate 



(2.61) 



\X\ 



E C 



E c - 



3. RlCCATI EQUATION 



The goal of this section is to develop an approach for solving the operator Riccati 
equations based on an applications of Banach's Fixed Point Principle for transfor- 
mations of operator spaces. Putting aside the discussion of the purely geometric ap- 
proach suggested and developed by Davis and Kahan [ DK1 ] , [ DK2| ] and by Adams 
|Adt ] as well as the one based on the factorization technique for operator holo- 
morphic functions by Markus and Matsaev [MarMalj, [ MarMa2] | (see also [McS 



|MeMol| , JVMfl , and (Lai]) we concentrate ourselves on applications of a purely 
analytic approach based on the representation theorems of Section |^. 

Definition 3.1. Assume that A and C are possibly unbounded densely defined 
closed operators in the Hilbert spaces Tl and IC, respectively, while B 6 £>(/C,7i) 
and D € B(H,K.). 

A bounded operator Q G B{TL,IC) is said to be a weak solution of the Riccati 
equation 

(3.1) QA - CQ + QBQ = D 

if 

(QAf,g) - (Qf, C*g) + (QBQf,g) = (Df,g) 
for all f G dom(A) and d € dom(C*). 
A bounded operator Q G B(Ti,IC) is said to be a strong solution of the Riccati 
equation (3.1) if 



(3.2) 



ran Q 



C dom(C), 

dom(A)/ 

and 

(3.3) QAf - CQf + QBQf = Df for all f G dom(A). 

Finally, a bounded operator Q G B(Tl, IC) is said to be an operator solution of 
the Riccati equation (3.1) if 

ran(Q) C dom(C), 
the operator QA is bounded on doni(QA) = dom(A) and the equality 

(3.4) QA-CQ + QBQ = D 
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holds as an operator equality, where QA denotes the closure ofQA. 



Along with the Riccati equation (3.1) we also introduce the dual equation 
(3.5) KG* - A*K + KB*K = D*. 

for which the notion of weak, strong, and operator solutions is defined in a way 



analogous to that in Definition 3.1 



Example 3.2. (The Friedrichs model p|). Given a nonempty open Borel set A C 
K, let 7i — C and K = L 2 (A). Let A = in 7i and let C be the multiplication 
operator in 1C, 

(c/)(m)=m/(m) 

on 

dom(C) = {/ G L 2 (A) : f d^ (1 + /i 2 )|/(/;)| 2 < oo, 

J A 

B G B(tC,H), and, finally, D = B* G B(H,JC). 
By Riesz representation theorem 



Bf = (f,b) = / dnf(ji)bOi), feic, 

J A 

-2/ 



for some essentially bounded function b £ JC = L (A) and hence 



(DC)(/i) = ^)C, (eC, 

since D = B* . 

Under the assumptions of this example a bounded operator Q £ B(Tl, K,) is a 
weak solution to the Riccati equation ( |3.l[ ) if and only if Q has the form 

(3.6) (QC)M=<?(m)C, (eC, 

where q is an essentially bounded function, and 

(3.7) -(mqOO) + (9, b)q(fi) = 6(/x) for a. e. fi G A. 

Moreover, any weak solution Q appears to be a strong solution, that is, any essen- 



tially boun ded function q satisfying (3/7) belongs to dom(C) 



Solving (|3.7| ) with respect to g one concludes that the Riccati equation (3/7) has 
a weak/strong solution if and only if 

(3.8) there exists a w G K such that G L 2 (A) 

■ — w 

and 

(3.9) w+ fd^^l = 0. 



I A M - w 

If conditions (3.S) and (3.9) hold for some w £ M., then the solution Q has the form 
(p\6|), where 

(3.10) q {^) = 3tL, n eM., 

W — [X 

and 

w = (g, 6). 



The next assertion is a direct corollary of Lemma 



2.4. 
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Lemma 3.3. Let A and C be densely defined possibly unbounded closed operators 
in the Hilbert spaces 7i and JC, respectively, B G B(JC,Tl), and D G B(H,fC). Then 
Q G B(TC,IC) is a weak solution to the Riccati equation ( |3.l| ) if and only if K = — Q* 
is a weak solution to the dual Riccati equation ( |3.5| ). 

Throughout the remaining part of the section we assume the following hypoth- 
esis. 

Hypothesis 3.4. Assume that Ti. and JC are Hilbert spaces, A and C are possi- 
bly unbounded self-adjoint operators on domains dom(A) in Ti. and dom(C) in fC, 
respectively. Also assume that B € B(fC,Tl) and D € B(H.,fC). 

The representation theorems of Sec.|| for solutions of the Sylvester equation 
are a source for iteration schemes which allow one to prove solvability of Riccati 
equations by using fixed point theorems. Here we present two of such schemes for 
the search for strong or weak solutions to the Riccati equation. 



Theorem 3.5. Assume Hypothesis 3.4. Then the following statements hold true. 
(i) Assume, in addition to Hypothesis 3.4, that 

dist{spec(A),spec(C)} > 0. 



Then Q 6 B(H.,fC) is a weak solution to the Riccati equation (3.1) if and only 
if it is a solution to the equation 



/oo 
e itc (D-QBQ)e~ itA f d (t)dt, 
-oo 



where fd is a summable function satisfying (2.13) and the integral in (3.11) 
exists in the sense of the weak operator topology in B{TL,K,). 

(ii) Assume, in addition to Hypothesis 3.4, that 

(3.12) dist{spec(A + BQ), spec(C)} > 0. 

Then Q G B(Tt,K.) is a strong (weak) solution to the Riccati equation (|3.l|) if 
and only if Q is a solution of the equation 

(3.13) Q= { E c (dn)D(A + BQ- fi)-\ 

J spec(C) 

where the operator Stieltjes integral exists in the sense of the strong (weak) 
operator topology in B(H.,JC). 

(iii) Assume, in addition to Hypothesis 3.4, that K G B(JC,TL) and 

(3.14) dist{spec(A - KB*), spec(C)} > 0. 

The n the operator K is a strong (weak) solution to the dual Riccati equation 
(3.5) if and only if K satisfies the equation 

(3.15) K = -\ (A- KB* - f i)- 1 D*E c (dn), 

where the operator Stieltjes integral exists in the sense of the strong (weak) 
operator topology. 



Proof, (i) The operator Q is a weak solution to (|3.1| ) if and only if Q is a weak 
solution to the equation 

QA-CQ = Y, 
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where 

Y = D- QBQ. 

Applying Theorem 2.7 completes the proof of (i). 

(ii) The operator Q is a strong solution to (3.1) if and only if Q is a strong 
solution to the equation 

QA-CQ = D, 

where 

A= A + BQ. 

Applying Theorem 2.14 (i) completes the proof of (ii). 

(hi) The operator K is a strong solution to (3.5) if and only if if is a strong 
solution to the equation 

KC-AK = D*, 

where 

A = A- KB*. 



Applying Theorem 2.14 (ii) completes the proof of (iii). 
The proof is complete. 



□ 



The following statement is a direct consequence of Lemma 2.18. 



Theorem 3.6. Assume Hypothesis 3.4 and let D have a finite norm with respect 
to the spectral measure of the operator C , that is, 

(3.16) \\D\\ Ec <oo. 

Assume, in a ddition, that an operator Q G B{TL, JC) is a weak solution of the Riccati 
equation {3A) such that 

(3.17) dist{spec(,4 + BQ), spec(C)} > 0, 
and that the condition 
(3.18) 



sup \\{A + BQ- n) 1 \\<oo 

[id spcc(C) 



holds. 

Then Q is a strong solution to (3.1) and the operator K = —Q* is a strong 
solution to the dual Riccati equation ( |3.5| ). 

The strong solutions Q and K admit the representations 



(3.19) 
(3.20) 



Q 



spcc(C) 



E G (dfj,)D(A + BQ-fi)- 



K = - 



(A - KB* - [i)- 1 D*E c {diJL), 

t spcc(C) 

where the operator Stieltjes integrals exist in the sense of the uniform operator 
topology. Hence, the operators Q and K have finite Ec~norm and the following 
bound holds true 



(3.21) 



\K\\e c = \\Q\\ec < \\D\\e c sup \\(A + BQ-n)- 

fi^spcc(C) 



If, in this case, instead of ( 3.1 8| ) the following condition holds 
(3.22) sup (A + BQ - /i) _1 || < oo, 

fi£ spec(C) 
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then 
and 



ran(Q) C dom(C) 



r&n(K) C dom(A) 

and, hence, the strong solutions Q and K appear to be operator solutions to the 
Riccati equations (3.1) and (3.5), respectively. 

In the case where the spectra of the operators A and C are separated, under 
additional "smallness" assumptions upon the operators B and D w e are able to 
prove the existence of fixed points for mappings given by (3.11) and (3.13). 



Theorem 3.7. Assume Hypothesis 3.4 and suppose that 
Also assume that 

(3.23) d = dist{spec(A), spec(C*)} > 0. 

Then: 

(i) If the inequality holds 

d 



(3.24) 



vww< 



then the Riccati equation ( |3.l[ ) has a unique weak solution in the ball 
QeB{H,K) : HQH < " 



7T B 



(3.25) 



The weak solution Q satisfies the estimate 

' d 



\Q\\ < 



i 



\B\\ 



d 2 



- B D 



\D\\ <—d, 

7T 



In particular, if 
(3.26) \\B\ 

then the weak solution Q is a strict contraction, that is, 

WQW < i- 

(ii) If the operator D has a finite Eq -norm and the inequality 
(3-27) vPPk < i 



holds, then the Riccati equation (3.1) has a unique strong solution in the ball 
(3-28) {QeB(H,IC) : ||Q|| < HSU" 1 (d- y/\\B\\ p|| £c )}. 

The strong solution Q has a finite Ec~norm and one has the estimate 

(3.29) W^o<^[l-^ 1 

In particular, if 
(3-30) \\B\\ + \\D\\ Ec <d, 



-\\B\\ \\D\ 



Eq 
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then the strong solution Q is a strict contraction in both the uniform operator 
and Ec-norm topologies, that is, 

WQW < \\Q\\e c < i. 

Proof. The proof is based on an application of Banach's Fixed Point Theorem, 
(i) Let / G L 1 (M) be a continuous function on R except at zero such that 

f(s) = f e- ist f(t)dt = - whenever |s| > 1. 

Introducing the function 

f d {t) = f(dt), t G K, 
by Theorem p.5| (i) any fixed point of the map F(Q) given by 

/oo 
e itC (D - QBQ) e - itA f d {t)dt, Q e B(H, AC), 
-oo 

where the improper Ricmann integral is understood in the weak sense, is a weak 
solution to the Riccati equation (3.1). Taking into account that 

II , n ll/IU^R) 
H/dlli^R) = -j , 



from ( 3.31 ) one concludes that 

(3.32) ||F(Q)|| < ^1W (||7) - ir () h. (J^Bili.l^ 

and 



(3.33) \\FiQ,) - F{Q 2 )\\ < " J "^ (R) \\B\\ (\\Qi\\ + \\Q 2 \\) (\\Qi - Q 2 ||), 

Q X ,Q 2 e B(H,K). 

Clearly, F maps the ball O r — {Q G B(H,JC) : ||Q|| < r} into itself whenever 



-(\\D\\ + \\B\\r z ) <r 



d 

and F is a strict contraction of the ball O r whenever 

2||/||li(r)I|b|1 ^, 

; r < 1. 

a 

Since the extremal problem for the Fourier transform, which is to find the infi- 
mum of II/Hl 1 over all functions / G L 1 (R) such that f(s) = 1/s for \s\ > 1, has 
the solution (cf. Remark pTg| ) 

inf {||/|Ui (R) : / G L\R)J(s) = 1/s whenever \s\ > 1} = 

one concludes that F maps the ball O r = {Q G B(1i.,IC) : \\Q\\ < r} into itself 
whenever 

(3-34) JLQ\ D \\ + \\B\\t*)<r 

and F is a strict contraction of O r whenever 

(3.35) < 1. 
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Solving inequalities (3.34) and ( [3.35 ) one concludes that if the radius r of the 
ball O r is within the bounds 



(3.36) 



d 2 



TrllBll 



TT 2 \\B\ 



\m 

\B\\ 



< r < 



ttWBW 



then F is a strictly contractive mapping of the ball O r into itself. Applying Banach's 
Fixed Point Theorem proves assertion (i). 

(ii) Given r £ (0, d \\B\\ under Hypothesis ( |3.23| ) we have the identity 

(3.37) (A + BQ - fi)- 1 =(I+(A- ^BQ)' 1 (A - fi)-\ 

fi e spec(C), Q € O r , 

which implies the estimate 

sup UA + BQ-^W < sup - — A „, 1 _ 1 „„ D „,^„ UA-^W 

fiGspcc(C) 

(3.38) 



^peoco i- IK^-m)- 1 !! Il^ll IIQII 
i i l 



iMiild d-\\B\y 

whenever Q £ O r - 

Since ( 3.38| ) holds and the operator D has a finite i?c-norm, the mapping 
F(Q)= [ E c (d(j,)D (A + BQ - 

Jspcc(C) 

where the integral is understood in the strong sense, is well defined on the domain 

dom(F) = O r - 

Since for Q E O r one clearly has the estimate 

dist{spec(A + BQ),spec(C)} >d - \\B\\r > 0, 

any fixed point of the map F is a strong solution to the Riccati equation (3.1) by 
Theorem 3.5 (ii). 

Using ( [3.3§| ) we have the following two estimates 

\\F(Q)\\<\\F(Q)\\e c <\\D\\ Ec sup ika + sq-/!)- 1 !! 

/j.£spec(C) 



(3.39) 
and 

\\F(Q t ) - F(Q 2 )\\ 

< \\FiQ,) - F(Q 2 )\\ Ec 



f E c (dfi)D (A + BQi - fi)- 1 B{Q 2 - Q x ) (A + BQ 2 - /i)- 1 

Jspec(C) 



E C 



(3.40) 



< 



\D\ 



(d-\\B\\ry 



IQ2-Q1II, Qi,Q 2 eO r . 



Clearly, by (3.39) F maps the ball O r into itself whenever 

\\D\\e c 



(3.41) 



\B\\r 



< r 
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and by (3.40) F is a strict contraction on O r whenever 
(3 42) 1 

[6 ] {d-\\B\\ r y < 

Solving inequalities ( 3.41 ) and ( [3.42 ) simultaneously, one concludes that if the 
radius of the ball O r is within the bounds 



(3.43) 



\B\\ 



(P 

T 



\B\\ 



\D\\e c ^J < r < (d - y/\\B\\\\D\\ Ec ) , 



then F is a strictly contracting mapping of the ball O r into itself. Applying Banach's 
Fixed Point Theorem we infer that equation ( 3.1 3| ) has a unique solution in any ball 
O r whenever r satisfies ( 3.43] ) . Therefore, the fixed point does not depend upon 
the radii satisfying (3.43) and hence it belongs to the smallest of these balls. This 
observation proves the estimate 



(3.44) 



|Q||< 



B\ 



l-f^-\\B\\\\D\\ Ec 



Finally, using (3.39), for the fixed point Q one obtains the estimate 

'\D\\e c 



(3.45) 



Then (3.44) yields 



IIQII 



< 



\Q\\ 



E C 



\F(Q)\\ 



Ec 



< 



d-\\B\\ IIQH 



\D\ 



Ec 



\B\\ \\D\ 



Ec 



B\ 



i-J^-\\B\\\\D\\ Ec 



which completes the proof. 



□ 



Remark 3.8. Part (ii) of the theorem extends results obtained in [Mol], |Mo2|, 
and MeMol]. In case where the self-adjoint operator C is bounded, D is a Hilbert- 



Schmidt operator, B is bounded, and A is possibly unbounded densely defined closed 



non-s elf-adjoint operator, the solv ability of the equation (3.19) under condition 
( 3.25 ) has recently been studied in | AdLT | . 



Remark 3.9. Under the hypotheses (3.23) and (3.24) or (3.27) the fixed point Q 
depends continuously (in the o pera tor norm) upon the operators B and D, which fol- 
lows from a result (see, e. g., |KA] Ch. XVI, Theorem 3) concerning the continuity 
of the mapping in Banach 's Fixed Point Theorem with respect to a parameter. 



Remark 3.10. In general, hypothesis ( 3.23j ) in Theor em | 3.7j 
In order to see this assume that A = R in Example |3.2f and, thus, ( |3.23| 
not hold. Assume, in addition, that the function &(•) in thi s ex ample is a strictly 



can not be om itted. 

does 



positive contin uou s function. Then the necessary condition (3^8) for the solvability 
of the Riccati (3.7) is violated. 



In order to complete the discussion of the results of Theorem 3.7 we need the 
following illustrative statement based on Example 3.2. 
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Lemma 3.11. Assume the hypothesis of Example 3.2 for 

A = (-oo, -d) U (d, +oo) 

and some d > 0. 
7/6 € L 2 (A) and 

(3.46) ||6|| < V2d, 



then the Riccati equation (3.7) has a weak/strong solution. Moreover, the constant 
y/2 in ( |3.46] ) is sharp. 



Proof. Under the hypothesis ( 3.46 ) we have the inequalities 

-d 

Ml / / II" I Nil " 

and 



The Herglotz function 



f-i + d 



2d 



f(w) = w + / d/z • 

Ja [i — w 

is a strictly increasing continuous function on (— d, d) and 



l%)| 5 



/(-d - 0) = lim /(-d - e) < -d + / 
£ 1° Jrf 



f(d+0) = lim/(d + e) > d + 

ej.0 



/i + a 



fx — d 

not withstanding the possibility for the one-sided limits /(— d — 0) and f(d + 0) to 
turn into — oo and +oo, respectively. Therefore, the equation 

f(w) = 

has a unique root wq G (— d, d), the function 

6(M) 



= 



A, 



is an element of L 2 (A), and, hence, the Riccati equation (3.7) has a weak/strong 
solution, since the existence criterion (3.8), (3.9) is satisfied. 

In order to prove that the constant y2 in the upper bound ( [3.46] ) is sharp, it 
suffices to show that for any c > 1 there exists a function b £ L 2 (A) such that 

= V2cd 

and the Riccati equation ( |3.7[ ) has no solutions q e L 2 (A). 

Let to £ L 1 (M+) be a positive continuous function on [0, oo) such that 

u(t)dt = 1. 

Given e > 0, introduce the functions 

u e (t) =e~ 1 w(t/e), t>0, 

and 

arctan(d + n)uj\' 2 (d — /i), fj, < — d, 
w^ /2 (^-d), M>^- 



(3.47) 
One infers 



hm||^|| 2 = l 

ej.0 
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and 
(3.48) 



lim 

ej.0 



H + d 



djjL - 



fj. + d 



d/i 



1 

2d' 



Hence for any c > 1, one can find an £o > such that the following inequality 
holds 



(3.49) y so \ 

Introducing 



dfi 



2dc 2 



b((i) = V2cd 



<PSQ M 



fi E A — (— oo, —d] U [d, oo), 



one obviously concludes that 

||6|| = V2cd. 
Meanwhile, ( 3.49Q implies the estimate 



dfx 



-oo M + a Jd M ' 
Therefore, the Herglotz function /(if) given by 

;( »)=» t rw*. 



+ OC 



fl — W 



dfi. 



does not vanish on [—d,d) (note that f(w) — > +oo as ro | d) and hence (3.9) is 
violated for all w € [— d, d). Since &(•) is a continuous function and it does not vanish 
on (—oo,d) U [d, oo), the con ditio n ( |3.8| ) is violated for all u> € (— oo,d) U [d, oo). 
Hence, the Riccati equ atio n (3.7) has no weak/strong solutions in this case since 
the existence criterion (|3.8[), (3.E) is violated. □ 



Remark 3.12. The result of Lemma 3.11 combined with that of Theorem 3/7 shows 
the following. 



(i) There is a constant c > such that the conditions (3.23) and 
(3.50) < cdist{spec(A),spec(C)}, 

imply the existence of a weak solution to the Riccati equation 
QA-CQ + QBQ = B* . 



(ii) In general, the "smallness" requirement on B (3.50) can not be omitted (c/. 
&2% and flQ7l)). 



(iii) The sharp value of the constant c in ( 3.5C ) is within the bounds 



- < c < V2. 

7T 
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4. The spectral shift function 

The main purpose of this section is to recall the concept of the spectral shift 
function associated with a pair of self-adjoint operators and to extend this concept 
to the case of pairs of closed operators that are similar to self-adjoint operators. 

The spectral shift function £(A, H, A) for a pair of self-adjoint operators (H, A) 
in a Hilbert space TL is usually associated with the Lifshits-Krein trace formula 

(4.1) tr(p(ff) - <p(A)) = I dX <p'(\) £(A, H, A). 



The trace formula (4T) holds for a wide class of functions ip : K — * C, including 
Co°(R), provided that the self-adjoint operators H and A are resolvent comparable, 
that is, 

(4.2) (H - z)- 1 - {A- z)- 1 G B X {H), Im(z) ^ 0. 



If (4.2) holds, then we will also say that H is a relatively trace class perturbation 
of A. 



The trace formula (4.1) determines the spectral shift function up to an arbitrary 
complex constant. This constant may, however, be chosen in such a way that makes 
the spectral shift function to be real-valued. 

In case of trace class perturbations, i. e., if 



H- Ae 

the additional requirement that 

Z{;H,A) G L\R) 

determines the spectral shift function uniquely. Being chosen in this way, the 
spectral shift function £(A,H, A) can be computed by Krein's formula via the per- 
turbation determinant 

(4.3) £(\,H,A) =7r- 1 limargdet((#- X-ie)(A- A - ie)" 1 ) 

for a. e. A € R. 



In the case of relatively trace class perturbations (4.2), there is in general no 
natural way to choose the above constant uniquely. Moreover, the requirement of 
continuity of the spectral shift function £(A, H, A) in an appropriate function space 
topology with respect to small deviations of the end points H and A, leads to the 
conclusion: the spectral shift function £(A,_ff, A) can not be introduced uniquely 
as a function of the pair (H, A). It should be considered to be either a function of 
a continuous path (in an appropriate operator topology) connecting the end points 
H and A from the same connected component, or to be a path independent but a 
multi-valued function of the spectral parameter. 

However, one can introduce the spectral shift function uniquely modulo Z in 
such a way that for any pairs (H, A), (H,H), and (H, A) of self-adjoint operators 
A, H, and H in H, satisfying (fb^), the following chain rule holds (see [|y|]) 

(4.4) £ (A, H, A) = £(A, H,H) + £ (A, H, A) (mod Z) for a. e. A G R. 

The extension of a concept of a spectral shift function to the case of operators 
similar to self-adjoint needs additional considerations. 

We start with a definition of a zero trace commutator class. 
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Definition 4.1. Let A(Ti) be the set of all bounded operators V £ B{7i) possessing 
the property: 

(4.5) tr (VR-RV) =0 
whenever R € B{TL) and 

(4.6) VR-RV GBi(W). 
T/ie set .4(7^) is called the zero trace commutator class. 



In the case of an infinite-dimensional Hilbert space TL ( pLq ) does not imply (4.5) 
in general. For example, let P be a one-dimensional orthogonal projection. Then 
there is a partial isometry S such that SS* = / and S*S = I — P. Taking R = S* 
and V = S one obtains VR-RV = P £ Bx(H), but tr (VR-RV) = 1, and, thus, 



(4.5) fails despite (|4.6| ) holds true. Therefore, the zero trace commutator class A{Ti) 



is a proper subset of BiTi) if the Hilbert space Ti if infinite-dimensional. 

Lemma 4.2. Assume t/ia£ R, V € B(Ti.) and at least one of the following conditions 
holds: 

(i) V e Bi(H); 

(ii) and RV are trace class operators; 

(iii) V is a normal operator and R £ 02 (W); 

(iv) y is a self-adjoint operator and R € B (>c (Tl); 

(v) y is a self-adjoint operator having no absolutely continuous spectral subspaces; 

(vi) V is a normal operator with purely point spectrum; 

(vii) R € B P (H) and V € B q (H) with 1 + 1 = 1. 

Then tr(VR — RV) = whenever VR — RV is a trace class operator. 

Remark 4.3. The part (i) is obvious. The part (ii) follows from Lidskii's theorem. 
The statement (iii) is due to G. Weiss |wf . Assertion (iv) has been proven by 



J. Helton and R. Howe [HelHo]. The part (v) immediately follows from a result 



by R. W. Carey and J. D. Pincus [CP] which states that any self-adjoint operator 
having no absolutely continuous spectral subspace is the sum of an operator with 
purely point spectrum and a trace class one with arbitrary small trace norm^ The 
results (vi) and (vii) have recently been proven by V. Laurie and C. M. Pearcy 
|LauPj . 

shows that the zero trace commutator class A(7i) is a rather rich 



Lemma 4.2 



set. In particular, A{TL) contains all the trace class operators, that is, 

Bi(H) C A{H). 

More generally, any operator of the form 

V = V + T, VeA{H), T e Bi(H), 

is an element of A(H). The class A(TC) also contains all normal bounded operators 
V with purely point spectrum and all self-adjoint bounded operators having no 
absolutely continuous spectrum and, therefore, in this case, if V £ A(H) and V has 
a bounded inverse, then V^ 1 G A(Ti) as well. 



1 We are indebted to Vadim Kostrykin who has attracted our attention to this fact. 
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Definition 4.4. Let H be a possibly unbounded densely defined closed operator in 
TL on dom(_ff) with spec(iJ) C K. The operator H is said to be admissible if there 
exists a self-adjoint operator H such that 

(i) H is similar to H, i. e., 

H = V~ l HV on dom(H) = 7 _1 (dom(H)) 

for some V € A(TL) such that V- 1 G B{TL); 

(ii) H and H are resolvent comparable, i. e., 

(4.7) {H - z)- 1 - {H - z)- 1 e BiiH), Im(z) ^ 0. 

We will call the operator H a self-adjoint representative of the admissible operator 
H. 

Clearly, any self-adjoint operator is admissible. Moreover, an admissible operator 
may have different self-adjoint representatives. 

Lemma 4.5. Let H be an admissible operator and H any self-adjoint representa- 
tive of H . Then 

(4.8) tr ({H - z)- 1 - (H - z)- 1 ) =0, lm(z)^0. 

Proof. By the definition of an admissible operator, the difference of the resolvents 
of H and H is a trace class operator and the following representation holds for some 
V G A(H) such that V- 1 € B{H) 

(H - z)- 1 -(H- z)- 1 = V~ X {H - z)- x V -(H- z)- 1 

(4.9) =[V- 1 (H-z)- 1 ]V-V[V- 1 (H-z)- 1 }eB 1 {H) 7 Im(z) + 0, 



which implies (4.8), since V £ A(TL). □ 



Corollary 4.6. Let H be an admissible operator in 7i and Hi and H2 its self- 



adjoint representatives from Definition 4.4. Then Hi and H2 are resolvent compa- 
rable and 

(4.10) f (A; Hi,H 2 ) = (mod Z) for a. e. A e E, 

where £(A; Hi, H2) is the spectral shift function associated with the pair (Hi, H2) of 
self-adjoint operators. 

Now we are ready to extend the concept of the spectral shift function to the case 
of pairs of admissible operators. 

Definition 4.7. Let (H, A) be a pair of resolvent comparable admissible operators 



in TL and (H,A) a pair of their self-adjoint representatives from Definition 4.4. 
Define the spectral shift function ^(A;_ff, A) associated with the pair (H,A) by 

f (A; H, A) = £(A; H, A) (mod Z) for a. e. A e R, 

where £(A;iT,^4) is the spectral shift function associated with the pair (H , A) of 
self-adjoint operators. 
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The result of Corollary 4.6 combined with the chain rule (4.4) for the pairs of 
self-adjoint operators shows that the spectral shift function associated with a pair 
(H, A) of resolvent comparable admissible operators is well-defined modulo Z, that 
is, it is independent of the choice of the self-adjoint representatives H and A for 
the operators H and A, respectively. In particular, we have arrived at the following 
result. 

Lemma 4.8. Assume that H and A are self-adjoint operators and V, V^ 1 G B(Tt) 
such that 

(4.11) V G A(H), 

(4.12) (H-z)- 1 - (A-z)- 1 G Bi{H), Im(z) ^ 0, 

(4.13) {V- l HV-z)- 1 - {A-z)- 1 G Bi(W), Im(z) ± 0, 
then the stability property holds 

(4.14) £(A; V~ 1 HV, A) = £(A; H, A) (mod Z) for a. e. A G K. 

The next example shows that the requirements ( 4.12j ) and (4.13) by themselves 
do not imply (4.14), if condition (4.11) is violated. 

Example 4.9. Let H be the closure of the operator Hq = on L 2 (R) ini- 

tially defined on the domain dom(_ffo) = Co°(Bi) and H the operator which acts in 
L 2 ((— co,0)) ©L 2 ((0, 00)) and corresponds to the Dirichlet boundary condition at 
zero. The difference [H — z) _1 — (H — z) , Im(z) 7^ 7 is rank one and, therefore, 
H is a relatively trace class perturbation of H . The operators H and H are obvi- 
ously unitary equivalent and, therefore, there exists a unitary operator V such that 
H = V*HV . The spectral shift function associated with the pair (H,H) is known 
|GeS|] to be a half on the essential spectrum and zero otherwise, 

C(A, H, H) = jx^oo) (A) (mod Z) for a. e. A G M , 
where xa(A) denotes the characteristic function of the Borel set A. Therefore, 

(4.15) = £(A, H, H) £(A, V*HV, H) = ^X[o,oo) (A) 

on a set of positive Lebesgue measure. Representation ( 4.15| ) shows that the stability 
property (4.14) for the spectral shift function does not hold in this case. 

The concept of a spectral shift function associated with a pair of admissible op- 
erators turns out to be rather useful in the context of not only additive but also 
multiplicative theory of perturbations. The following theorem illustrates such an 
application to the multiplicative theory of perturbations in case where the spectral 
shift function can be computed via the perturbation determinant. The correspond- 
ing representation appears to be an immediate analog of Krcin's formula (4.3) in 
the self-adjoint case. The precise statement is as follows. 

Theorem 4.10. Let A be a possibly unbounded self-adjoint operator in 7i with 
domain dom(A), B — B* a trace class self-adjoint operator, 

(4.16) BeBi(H), 

and V a bounded operator with a bounded inverse such that 

(4.17) I-VeBi(H). 
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Assume, in addition, that 

(4.18) ran(J- V) C dom(A), 
the domain dom(A) is V -invariant 

(4.19) Fdom(A) = dom(A), 

and i/ie commutator AV — VA, initially defined on dom(A), is a closable operator 
and its closure is a trace class operator, that is, 



(4.20) AV — VA e Bi(H). 
Then for the operator H defined by 

(4.21) H = V~ l {A + B)V on dom(H ) = dom(A) 
the following holds true. 

(i) The operator H is admissible. Moreover, the spectral shift function £(A; H, A) 
is well defined and 

(4.22) £(A; H, A) = £(A; A + B, A) (mod Z), for a. e. A e M. 
(ii) 

(4.23) (iJ-z)(^l + B-z)- 1 -Je iBi(W), lm(z)^0, 
and, hence, the perturbation determinant 

D H/[A+B) (z) = dot ((ff - z)(A + B- z)- 1 ) , Im(z) £ 0, 

«s weZZ defined and, moreover, 

Dh/(a+b){z) = 1. 

(iii) TTie perturbation determinant D H i A {z) is well defined 

D H/A (z) = det((H - z){A - z)- 1 ), Im(z) ^ 0, 

and the spectral shift function for the admissible pair (H, A) can be computed 
via the perturbation determinant as follows 

(4.24) £,{\;H,A) =Tr- 1 \imargD H/A (\ + ie) (mod Z) 

for a. e. A £ R. 



Proof, (i) Hypothesis (4.17) implies that 

a) V € A{H) 
and 

b) the operators H and A + B are resolve nt co mparable. 

Thus, H is an admissible operator. By ( 4.1 6| ) the operator A + B is a trace 
class perturbation of A and hence H and A are resolvent comparable. Therefore, 
( 1.22 ) holds by the definition of the spectral shift function for a pair of resolvent 
comparable admissible operators, which proves (i). 

(ii) We start with the representation 

(A + B - z)V{A + B- z)- 1 = 1 + W(z), lm{z) ^ 0, 

where 

(4.25) W{z) = {A + B- z){V - I){A + B - z)- 1 , Im(z) ^ 0, 



makes sense by (|4.18|) . By ( |4.25|) 

W(z) =V — I + {AV - VA){A + B- z)- 1 
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+ {BV -VB){A + B - z)- 1 , lm(z)^0, 

which proves that 

(4.26) W(z)eBi(H), lm(z)^0, 

by ( 4.16| ), ( 4.17 ) and ( |4.2C| ) . Therefore, the Fredholm determinant of the operator 
(A + B - z)V(A + B - z)' 1 is well defined and 

det ((A + B- z)V{A + B- z)- 1 ) 

(4.27) = det (I +(A + B-z)(V - I)(A + B - z)- 1 ), Im(z) ^ 0. 



Since (4.18) holds, the operator (A + B — z)(V — I) is well defined on the whole 
Hilbert space TL as a closed operator being the product of two closed operators. 
Hence, {A + B — z){V — I) is bounded by the Closed Graph Theorem. In particular, 
the following representation holds 

(4.28) {A + B — z)- 1 ^ + B- z){V - I)] = V — I. 
Using ( p~27| ), ( [4.28D , and the fact that 

det (J + ST) = det{I + TS), ST, TS G Bi(H), 

one proves 

(4.29) det((A + B - z)V{A + B - z)- 1 ) = det{V), Im(z) ^ 0. 



Further, using definition (4.21) of H one computes 

(4.30) (H - z){A + B - z)- 1 = V~ 1 {A + B - z)V{A + B - z)- 1 ), Im(z) ^ 0, 

which by fl4.25| ) and fl4.26| ) proves (fT||). Moreover, fl4.30| ) and ( fj.29| ) yield 

det{{H -z){A + B- z)- 1 ) = dctO^ 1 ) det(A + B- z)V{A + B- z)" 1 ) 

= dct^ 1 ) det{V) = 1, lm(z) ^ 0, 

which completes the proof of (ii). 
(iii) One infers 

{H - z){A - z)- 1 = {H- z){A + B- z)-\A + B-z){A- z)' 1 , Im(z) ^ 0. 
Hence 

{H - z){A- z)- 1 - I eBi(W), lm(z)^0, 

by ( |4.23| ) and the fact that 

{A + B- z){A- z)- 1 -I G Bx{H), lm(z)^0, 

since B G B\{TL), which proves that the perturbation determinant Du/ A {z) is well 
defined. Moreover, 

(4.31) D H/A {z) = D H/(A+B) {z)D (A+B)/A {z) = D {A+B)/A {z), lm{z) ^ 0. 



By Krein's formula (4.3) we have 

£(A; A + B,A) = n^ 1 lim&rgD( A+B y A (\ 4- ie) (mod Z), 
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and hence {i.24) holds by (4.31 



□ 
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Remark 4.11. The idea of introducing the spectral shift function associated with a 
pair of operators similar to self-adjoint operators via the perturbation determinant 
(in the framework of the trace class perturbations theory) goes back to V. Adamjan 
d H. hanger | AdLl| . The proof of Theorem 4.1C| contains some fragments of th 



till 



eir 



original reasoning. 



5. Graph subspaces and block diagonalization of operator matrices 

In this section we collect some results related to existence of invariant graph 
subspaces of a linear operator and to the closely related problem of block diagonal- 
ization of the operator in terms of such subspaces. 

First, we recall the definition of a graph subspace. 

Definition 5.1. LetM be a closed subspace of a Hilbert space Tt and Q £ B(Af,Af' L ). 
The set 

G{Af, Q) = {xeH: Patx x = QP M x} 

is called the graph subspace of Ti associated with the pair (Af,Q), where Pv and 
Pj^± denote the orthogonal projections onto Af and J\f , respectively. 

It is easy to check that 

(5.1) g(Af,Q) x = g(Af ± ,-Q*)^ 

From the analytic point of view, the search for invariant/reducing graph sub- 
spaces for a linear self-adjoint operator in TL is equivalent to the problem of solving 
the operator Riccati equations studied in details in Section ^. 

We adopt the following hypothesis in the sequel. 

Hypothesis 5.2. Assume that the Hilbert space TL is decomposed into the orthog- 
onal sum of two orthogonal subspaces 

(5.2) H = H ®Hi, 



the self-adjoint operator H reads with respect to the decomposition (5.2) as a 2 x 2 
operator block matrix 



(5.3) H 



Aq B i 
Bio A\ 



where Ai, i = 0, 1, are self-adjoint operators in TLi with domains dom(Ai) while 
Bij £ B{7ij 1 TLi), j — 1 — i, are bounded operators and B\q = Bqi- Thus, 

(5.4) H = A + B, 

(5.5) dom(H) = dom(A), 

where A is the diagonal self-adjoint operator, 

A a 
A l 

dom(A) = dom(A ) ffi dom(Ai), 
and the operator B = B* is an off- diagonal bounded operator 



(5.6) A = 



(5.7) B 



Boi 
B w 
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We start with a criterion of existence of the invariant graph subspaces G{Hi, Qji) 
(Qji € B(Hi,Hj)), i = 0, 1, j = 1 — i, associated with the 2x2 block decomposition 
(pjl) of a self-adjoint operator H. 



Lemma 5.3. Assume Hypothesis 



some Qji S B(Hi,Hj 



0, 1, j = 1 



The graph subspace Gi = G {Hi, Qji) for 
- i, is a reducing subspace for the operator 



H if and only if the operator Riccati equation 

(5.8) QA AQ + QBQ = B, 



has a strong solution Q which reads with respect to the decomposition (5.2) 



(5.9) 

with 
(5.10) 



Q 



Q 



01 



110 



Qoi 



Proof. If Q given by (|5.9|), (5.10) is a strong solution of (5. 
(5.11) 



this means that 



ran Q 



C dom(A), 



i(A), 



and 
(5.12) 



QA/ AQ/ + QBQ/ = Bf for any / e dom(A). 



Under hypotheses (5.E), ( 5.10 ), and ( 5.11 ) we have the inclusions 



(5.13) 



ran Qj, 



C dom(Aj), 



0,1, i = i 



Moreover, the Riccati equation (5.12) splits into a pair of the equations 

(5.14) Qj i A i f-A j Q ji f + Q ji B ij Q ji f = B ji f for all / e dom(A 2 ), 

* = 0,1, J = l — 4. 
Rewriting these equations in the form 

(5.15) Q ji (A i + B ij Q ji )f = (B ji +A j Q ji )f for all / e dom(A t ) 

one immediately observes that ( [5.15| ) combined with ( [5.13 ) is equivalent to invari- 



ance of the subspaces Gi — G (Hi , Qj 



0, 1, j 



1 — i, for the operator H. 
In turn, (5.1C) implies the invariance of the subspace G{~ = G(Hj 7 —Q*i), i = 0, 1, 
7 = 1 — i, for H, which proves the lemma. □ 



Remark 5.4. Example 3.2 shows that, in general, the Riccati equations (5.14) are 
not always solvable and, thus, the invariant graph subspaces may not always exist 
either. 

If the operator block matrix H has reducing graph subspaces, then the block 
diagonalization problem can be solved explicitly. 



Theorem 5.5. Assume Hypothesis 5.2. Assume, in addition, that the graph sub- 
spaces Gi = G{Hi,Qji) for some Qji e B(Hi,Hj), i = 0,1, j = 1 — i, satisfying 
( p. 1Q ) are reducing subspaces for the operator H. Then: 

(i) The operator V = I + Q with Q given by (5.9), ( |5.10 ) has a bounded 



inverse. 
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(ii) The operator V 1 HV is block diagonal with respect to the decomposition 
(U). That is, 



(5.16) 



V X HV = 



Ao + -B01Q10 








where 

(5.17) dom(Ai + BijQji) = dom(Ai), i = 0,l, j = 1 - i 

(iii) TTie operator U*HU, where U is i/ie unitary operator from the polar decom- 
position V = U|V|, is block- diagonal with respect to the decomposition (5.2). 
That is, 



(5.18) 
(5.19) 
(5.20) 



U*HU 



H 
Hi 



with 



Hi = {I Hi + 



TjiQji) X/2 {Ai + IhAh.'Mn + Q*iQji)- x/ \ 
i = 0,l, j = l-i, 

(/« i + Q*-Q ii ) 1 / 2 (dom(A i )), 



dom( Hi 

where 1% stands for the identity operator in TL 



Proof, (i) By (5.10) Q* = Q and, thus, the spectrum of Q is a subset of the 
imaginary axis. This means that zero does not belong to the spectrum of V = I + Q 
and, hence, V has a bounded inverse. 

(ii) Since by (i) V has a bounded inverse, (5.16) is equivalent to the representa- 



tion 



HV=V 



+ -BoiQio 






Ai +B W QQ\ 



which, in turn, taking into account (5.17), is equivalent to the Riccati equation 
(5.8). Then, applying Lemma 5.2, the validity of ( 5.16| )-(5.17) is equivalent to the 
fact that the graph subspaces Qi — G(Ti.i,Qji), i = 0, 1, j = 1 — i, are reducing 
subspaces. 



(5.21) 



(iii) Taking into account (5.10), by inspection one gets 

+ QoiQoi o 
h + QwQlo 



VV* = V*V = 



Since V = U|V| and |V| = (VV*) 1 / 2 , the validity of (|5T8|)-(p^2C|) is an immediate 
consequence of (5. 16)— ( 5. 17). □ 

6. Invariant graph subspaces and splitting of the spectral shift 

function 

It is convenient to study spectral properties of the perturbed block operator 
matrix H not only in terms of the perturbation B = H — A in itself, but also 
in terms of the angular operator Q associated with the reducing graph subspaces, 
provided that they exists. The next (conditional) result throws light upon the 
quantitative aspects of the perturbation theory for block operator matrices in this 
context. 



Theorem 6.1. Assume Hypothesis p.2\ and let the Riccati equation (5.8) have a 
strong solution Q of the form (pja). Assume, in addition, that 
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(i) Q is a Hilbert- Schmidt operator, 

(ii) BQ(A — z) -1 is a trace class operator for Im(z) =^ 0. 

(iii) H and A are resolvent comparable. 

Then Ai+BijQji, i = 0, 1, j = are admissible operators. Moreover, Ai+BijQji 
and Ai, i = 0, 1, j = 1 — i, are resolvent comparable. For the spectral shift function 
£(A, H, A) associated with the pair of self-adjoint operators (H, A) we have the 
decomposition 

(6.1) £(A;H,A) =t(\;A +B 01 Q w ,A )+!;(\;A 1 +B 10 Qo 1 ,A 1 ) (mod Z), 

for a. e. A £ M. 

In particul ar, t he operator matrix H can be block diagonalized by a unitary trans- 
formation ( |5.2| ) 

' H 
Hx 

where U is the unitary operator from the polar decomposition 

I + Q = U|I + Q|, 

and 

(6.2) e(A;H,A)=e(A;JJ 0) ^o) + e(A;J?i,A) (mod Z), 

for a.e. A £ M. 



U*HU 



Proof. By Theorem 6.1 (i) the normal operator V = I + Q has a bounded in- 
verse. Due to the assumption (i) the spectrum of V is purely point. Thus, by 
Lemma L2 (vi) 

(6.3) V e A{H), 



where A{TL) is the zero trace commutator class introduced by Definition 4.1. By 
Theorem |5.5| (ii) one concludes 

(6.4) V- 1 HV = A + BQ. 

Therefore, since by hypothesis (ii) the operator BQ is a relatively trace class per- 
turbation of A, one concludes that the operators V _1 HV and A are resolvent 
comparable. By condition (iii) H and A are also resolvent comparable, and, there- 
fore, by ( |6.3| ) the operator V _1 HV is admissible with the self-adjoint representative 
H. Thus, the stability property holds 

(6.5) £(A;V -1 HV,A)=£(A;H,A) (mod Z), for a.e. A e R, 

by the definition of the spectral shift function for resolvent comparable admissible 
operators. 

Next, let V = U|V| be the polar decomposition of V. By T heor em 5.5 (iii) the 
operator VV* is diagonal with respect to the decomposition (|5.2|) . Using repre- 
sentation ( 5.21 ) one infers that VV* — I is a trace class operator, since Q is the 
Hilbert-Schmidt operator by the hypothesis. Therefore, 

(6.6) |V|-IeBi(W), 



where |V| = (VV*) 1 / 2 , and, hence, |V| £ A(H) by Q. The operator V" 1 HV 
is similar to the self-adjoint operator U*HU: 

(6.7) V _1 HV = |V|(U*HU)|V| _1 . 
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Using ( |6.6| ) and (6.7), one concludes that V _1 HV and U*HU are resolvent com- 
parable. Therefore, taking into account that |V| S A(TL) one infers that U*HU is 
a self-adjoint representative of the admissible operator V _1 HV and, hence, 



(6.8) 



£(A; V _1 HV, A) = £(A; U*HU, A) (mod Z), for a. e. A e M, 



ITHU 



by Lemma (4.8). By Theorem 5.5 (iii) the operator U*HU is diagonal with respect 
to decomposition (5.2) 

' H 
Hi 

where Hi, i = 0, 1, arc s elf- ad joint operators in the Hilbert spaces Hi, i = 0,1, 
introduced by ( 5.19 ) and ( 5.17 ). Since U*HU is a block-diagonal operator, by ad- 
ditivity of the spectral shift function associated with a pair of self-adjoint operators 
with respect to direct sum decompositions (which follows from the definition of the 
spectral shift function by the trace formula ([4.l|)) one obtains that 



(6.9) 



£(A; U* VU, A) = ^ £(A; Hi, Ai). 



By Theorem 5.5 (ii) the operator V 1 HV is diagonal with respect to the de- 
composition (5.2) 



V _1 HV = 



A + S 01 Qio 

Ax + B W Q 01 



where Ai + B aQg , i = 0,1, j = I — i, are operators similar to self-adjoint operators 
Hi given by ( 5.19| ): 



H = (I Hi + QjiQji) 1/2 (Ai + II, ,()„■■ In + QjiQji)~ 1/2 , * 



0,1, 3 = 1 



Q = 



Here Qij, i = 0, 1, j = 1 — i, are the entries in the matrix representation for the 
operator Q 

Qoi 
Qw 

By hypothesis (i) Q is a Hilbert-Schmidt operator, which proves that 

(I-Hi + Q*jiQji) 1/2 - I-Hi G Bi(Wi) 
« = 0, 1, j = l-i. 

Therefore, the operators Ai + BijQji, i = 0, 1, j = 1 — i, are admissible with the 
self-adjoint representatives Hi. Since V _1 HV and A are resolvent comparable, 
so Ai + B^Qji and Ai, i = 0,1, j = 1 — i, are. Hence, we have the following 
representation by Lemma |4.8| 

(6.10) H u Ai) = Z(\;Ai+ BijQji, Ai), (mod Z), for a. e. A e R, 

i = 0, 1, j = 1 - i. 



Combining (|6.5D, (|6.8|) , ( J6.9[) , and (|6.10|) proves (|6.l| ). 



□ 



Remark 6.2. J/ the operator Q is a trace class operator, the conditions (ii) and 
(iii) /io/d automatically. Therefore, they are redundant in this case. 
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7. Further properties of the spectral shift function 

Throughout this section we assume that the spectra of the main diagonal entries 
Aq and A\ of the operator matrix (5.3) are separated. More specifically, we will 
adopt one of the three following hypotheses. 



Hypothesis 7.1. Assume Hypothesis 5.2 and suppose that the separation condition 
(7.1) dist{spec(A)), spec(Ai)} = d > 

holds true. Assume, in addition, that Biq has a finite norm with respect to the 
spectral measure of Aq or/and A\ and, moreover, 

(7-2) \\B 01 \\mm{\\B 01 \\ EAi ,\\B 01 \\ EAo } < 1. 



Hypothesis 7.2. Assume Hypothesis 5.2 and suppose that the separation condition 
(7.1) holds true. Assume, in addition, that both operators Aq and A\ are bounded 
and 

(7.3) \\B 01 \\ < -. 

Hypothesis 7.3. Assume Hypothesis |5.2| . Assume, in addition, that the operator 
A is semibounded from above, 

Aq < a < +oo, 
the operator A\ is semibounded from below, 

A\ > ai > -co, 

and 

ao < ax. 



Theorem 7.4. Assume Hypothesis 7.1. Then the block operator matrix H has 
two (orthogonal to each other) reducing graph subspaces Qi — G{'Hi 1 Qji), i = 0, 1, 
7 = 1 — i, associated with angular operators Qji £ B(Ti.i,Ti.j) such that 

Qw = -Qqi 

and 



d d 2 d 
(7.4) \\B t] Q 3l \\ <--^--\\B\\ 01 mm{\\B 01 \\ EAo ,\\B 01 \\ EAi }<-, 

i = 0, 1, j = l-i. 

Moreover, the graph subspaces Qi, i = 0, 1, are the spectral subspaces of H and 
Go®Gi=H. 

Proof. Assume, for definiteness, that the operator Biq has a finite norm with respect 
to the spectral measure of the diagonal entry A\ of H and the inequality holds 

(7-5) ||B 01 || \\B X q\\ Eai < —. 

Recall that by definition ||Bi |U Al = \\BIq\\ Eai and hence \\B 10 \\ Eai = \\B i\\e Ai - 
By Theorem 3.7 (ii) the Riccati equation 

(7.6) QA - AiQ + QBqiQ = B 10 
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has a unique strong solution Q S B(Ho,'Hi). Therefore, the dual Riccati equation 
(7.7) KAx - AqK + KB W K = B m 



has a unique strong solution K S B{TL\) by Theorem 3.6, and, moreover, K = —Q*. 
Introducing the notations Qio = Q and Qoi = K, equations (7.6) and (7.7) can be 
rewritten in the form 



(7.8) 



0, 1,3 = 1 



Therefore, the Riccati equation (5.£) has a strong solution of the form (5.9). Ap- 



plying Lemma 5.2 one proves that the subspaces Qi = Q(TLi, Qji), i = 0, 1 j = T 



are reducing subspaces for H, which proves the first assertion of the theorem under 
hypothesis (7.5). 

In the case where B w has a finite norm with respect to the spectral measure of 
the diagonal entryAg and the inequality 



I Soil 



d 2 

\B 10 \\e Ao < -t 



holds, the proof can be performed in an analogous way. 



Applying Theorem 3.7 (ii) (eq. (3.29)) proves estimate (7.4) which, in turn, 
proves that 

dist{spec(A + J B iQi ),spec(A 1 + B W Q 01 )} > 0. 



The last assertion of the theorem is a corollary of Theorem 5.5 
The proof is complete. 



□ 



Remark 7.5. Under Hypothesis [7.l| , if 
sup \\(t(Ai 

fj,G spec(Aj) 



BijQji - fi) 1 \\ < oo 



for some i = 0, 1, j = 1 — i, then the strong solutions of the Riccati equations ( [7.6| ) ; 
( [7.7| ) turn out to be the operator solutions by Theorem 3.6. 



Under Hypothesis 7.2 one has a similar result. 



Theorem 7.6. Assume Hypothesis 7.2. Then the block operator matrix H has 
two [orthogonal to each other) reducing graph subspaces Qi — G{li.i,Qji) 7 i = 0, 1, 
j = l — i, associated with the strictly contractive angular operators Qji £ B(Hi,TCj), 
\\Qji\\ < 1, such that 

Qw = —Qoi- 

Moreover, the graph subspaces Qi, i — 0,1, are the spectral subspaces of "R and 

Gq®Gi = h. 



Proof. The proof is analogous to that of Theorem 7.4. The only difference is that 
now we refer to part (i) of Theorem 3.7, since for bounded Ai £ B{Tii), i = 0,1. 
the concepts of the weak, strong and operator solutions of the Riccati equations 
fO) coincide. □ 



The following statement has been proven in 



Theorem 7.7. Assume Hypothesis 7.3. Then for any Bqi € B(H.i,Tlo) and B\q = 
-Bq-l the open interval (ao, ai) appears to be a spectral gap for H. At the same time 
the spectral subspaces of the operator H corresponding to the intervals (— oo,ao] and 
[cti, +oo ) admit representation in the form of graph subspaces associated with the 
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pairs (Ho, Qio) and (Hi,Qoi) for some Qij € B(TCj,H.i), i = 0, 1, j = 1 — i. That 
is, 

(7.9) 
and 
(7.10) 



ran LE H ((-oo,a ]) ) =Q(H ,Qio) 



ran [Eh ([ai,+oo)) ) = G(Hi,Qoi) 



where Eh (A) denotes the spectral projection of H associated with the Borel set 
Acl. The angular operators Qij are strict contractions, \\Qij\\ < 1, possessing 
the property Q w = —Q$ - 

Moreover, the projections Eh((—oo, ao]) and Eh {[o-i, +°°)) can be expressed in 
terms of the operator Q = Qoi = Qio * n ^ e following way 

(io + QQT 1 -(h + QQ*)-^ 
-Q^h + QQ*)- 1 Q*(Io + QQ*)- l Q 



J5 h ((-co,oq]) = 



En([ai, +oo)) 



Q(h + Q*Q)- 1 Q* Q(h + Q*QY 1 
(h + Q*Q)~ 1 Q* (h+Q*Q)~ 1 



Corollary 7.8. Assume Hypothesis 7.3. Then for any Bqi € B(H.i,H.o) and Bio = 
the Riccati equation 

(7.11) QioA) — ^4iQio + Q10-B01Q10 = Bio 

has a strong contractive solution Qio G B(Hq,Hi), ||<3io|| < 1, an d Qoi = — Qio * s 
the strong solution to the dual Riccati equation 

(7.12) Qoi^i — A Qoi + Q01B10Q01 = B i- 

For the spectra of the operators Ao + BqiQio with dom(Ao + -BoiQio) — dom(Ao) 
and Ai + £>ioQoi with dom(Ai + -B10Q01) = dom(Ai) the following inclusions hold 
true: 

(7.13) spec(A + BqxQio) C (— oo, ao] and spec(Ai + -BioQoi) C [ai,+oo). 



Proof. Any spectral subspace for H is its reducing subspace. Thus, by Theorem 7.7 
the subspaces (7.9) and ( 7. ICQ are reducing graph subspaces for Ti.. Then Lemma 
5.3 implies that the angular operators Qoi arL d Qio from the r. h. s. parts of formulas 
(7.£) and (7.10) are strong solutions to equations (7.11) and ( 7.12Q , respectively. A 
proof of (Of can be found in |AdLMSfl. □ 



Remark 7.9. Under Hypothesis 7.2 the case w here on e of the self-adjoint operators 
Ao or Ai is bound ed has been treated first in AdL2 |. Recently this case has been 
revisited in \ AdLT ] where sufficient conditions implying uniqueness of the strictly 
contractive solutions to the operator Riccati equations have been found. 



Lemma 7.10. Assume at least one of the Hypotheses 7.1, |7.2j , and 7.3. Then the 
block operator matrix 

H f = A + tB, te [0, 1] 

has two (orthogonal to each other) reducing graph subspaces 

g(7i l ,Q ]l (t)), 1 = 0,1,7 = 1-1, te [0,1], 
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associated with angular operators Qji(t) £ B(Hi,Hj) which continuously depend on 
t £ [0, 1] in the norm of the space B(Hi, Hj). In addition, under Hypothesis 7.1 the 
following holds true: 



\B i3 Qji{t)\\ < 



|B||oimin{||Bo 1 ||B^,||Boi|U Al } < 



2 v T ~ 

i = 0, 1, j = 1 - i, t g [0,1]. 
Under Hypotheses |7.2| or |7.3| the operators Qji (t) are strict contractions, 

\\Qji(t)\\ < 1, i = 0, l, j = l-i, te[0,l]. 



Proof. Under Hypothesis 7.1 or 7.2 this assertion is an immediate consequence of 



Theorems 7.4 or [7.6| respectively, and Remark 3.9. 

Therefore, assume Hypothesis 7.3. Since the operator B is bounded, and the 
interval (do, ai) does not contain points of the spectrum of H t for all t G R, by a 
(see also 



result by Heinz [Hci 



Ka], Theorem 5.12) the spectral projection 



E(t) 



t G 



E(t) = En t ((-oo,a ]), teR 

continuously depends on t € R in the uniform operator topology. By Theorem 7.7 
the projection E(t) admits matrix representation with respect to the direct sum of 
the Hilbert spaces Ho © Hi 

{h + QtQl)- 1 -{h + QtQ* t )~ l Qt 
-Q*(I + QtQl)- 1 Q* t {h + QtQ* t )~ l Qt 

where Q t = Qoi(i), t G R. In particular, the continuity of the family {E(t)} t ^R 
implies the continuity of the families of operators {(io + QtQt ) _1 }teK and {(^o + 
QtQt )~ 1 Qt}teR m the uniform operator topology of the spaces B(Ho) and B(Hi,Ho), 
respectively. Since the family {(Jo + QtQ* t )~ l }teR is continuous, the family {(Iq + 
QtQt)}tm is also continuous. Multiplying the operator (Iq + QtQt)~ 1 Qt by Io + 
QtQt from the left proves the continuity of the angular operators Qt as a function of 
t in the uniform operator topology. Recalling now that Qio(t) = — Qoi(*)* = ~ Qt 
proves the continuity of the family Qy(t), i = 0, 1, j = 1 — i, as a function of the 
parameter t G R in the uniform operator topology. The proof is complete. □ 

To a la rge extent, the angular operator Q, being a strong solution to the Riccati 
equation (pTq), inherits some properties of the operator B. For instance, if B be- 
longs to a symmetric ideal, so does Q, provided that the certain spectra separation 
conditions are fulfilled for Aq and A\. In fact, we have the following result (for 
simplicity, formulated using the scale of Schatten-von Neumann ideals) . 



Theorem 7.11. Assume Hypothesis 5.2 and let the Riccati equation ( |5.8| ) have a 
strong solution Q of the form (|5.9D with respect to the decomposition TL = Ho ffi Hi . 



0,1, j, 



Assume, in addition, that either condition (7.1) is valid or the condition 
(7.14) dist{spec(Ai + B^Qji), spec(A,)} > for some i,j 
holds. Then if B G B P (H) for some p > 1, then Q G B P (H). 



Proof. We recall that the strong solvability of the Riccati equation (5.8) under con- 



straint (5.9) is equivalent to the strong solvability of the following pair of equations 



Q yi 1 



AiQji Bji QjiHijQji, 2 — 0, 1, J 1 %. 



(7.15) 

Therefore, the assumption B G B P (H) for some p > 1 implies Bij G B p (Hj,Hi) 
i = 0, 1, j = 1 — i. Hence, the r. h. s. of ( 7.15| ) is an element of the space B p (Hi,Hj). 
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Under hypothesis (7.1) one concludes that Qji G B p (TCi,Tlj) by Theorem 2/7 (in 
particular by estimate ( 2.14 )), and, thus, Q £ B p (Ti), since (5J) holds. 

Further, assume that ( [7.14 ) holds for some i = 0, 1, j = 1 — i. By Theorem (5.5) 



the operator A4 + BuQj 



0, 1, j = 1 — i, is similar to a self-adjoint operator 



Hj,. That is, the representation holds 
(7.16) Ai + BijQji = VHiV- 1 , 



0, 1, j = 1 



for some V t G B(Wj) such that V^ -1 G (see (|5T9|) ). Therefore, ([7T5|) can be 

rewritten in the form 

and, hence, the operator Xji = QjiVi is a strong solution to the Sylvester equation 
XjiHi - AjXji = BjiVi, i = 0,l, j = l-i. 



By (|7.14|) and fl7.1q ) one infers 

dist{spec(A + B 01 Q 10 ),spec(Ai)} > 0. 

Meanwhile, the assumption B G B p (Tt) for some p > 1 implies Bji G B p (H.i,l-Lj) 
and, hence, £JjjVi € B p (Tii,Tij), i = 0, 1, j = 1 — i. Applying Theorem 2.7 once 
more, one deduces that G B p (Hi,Hj). Hence, Qj, = T^TA -1 G B v (Hi,Hj), 
i = 0, 1, j = 1 — i. Finally, by (5.9) one concludes that Q G B P (H). 

The proof is complete. □ 

In what follows we need one abstract result of a topological nature. 

Lemma 7.12. Let L t , t G [0, 1] be a one-parameter family of self-adjoint operators 
such that L t and Lq are resolvent comparable for all t G [0, 1] and the difference 
(Lt — z) — (Lq — z)~ , Im(z) ^ 0, is a continuous function of t G [0, 1] in the 
trace class topology. Assume, in addition, that 

[a, b] n spec(L t ) = for all t G [0, 1] 

for some a,iel. a < b. Then for the unique family of the spectral shift functions 
£(•; L t , Lq) continuous in t G [0, 1] in the topology of the weighted space L 1 (M; (1 + 
A 2 ) -1 ) with the weight (1 + A 2 ) -1 one has 



(7.17) 



£(A;L t ,L ) = for a. e. A G [a, b], t G [0,1]. 



Proof. The existence of the one-parameter family of the spectral shift functions 
£(■; Lt, Lq), t G [0,1] that is continuous in the topology of the weighted space 
i 1 (M; (1 + A 2 ) -1 ) is proven in [|y|. Next, since [a,b] belongs to the spectral gap of 
L t for any t G [0,1], the spectral shift function £(A;L t ,Lo) is a constant n(t) G Z 
a. e. on the interval [a, b]. Integrating the difference n(t) — n(s) over A G [a, b] with 
the weight (1 + A 2 ) -1 yields the estimate 



\n(t)-n(s)\ < 



U(-;L t ,L )-Z(-;L s> L )\\ L 



i(R;(l+A2)-i) 



M6[0,l], 



arctan(6) — arctan(a) 

which proves that n(t) is a continuous integer- valued function of t G [0, 1]. Since 
n(0) = 0, it follows that n(t) = for all t G [0, 1]. □ 



Now we are prepared to present the main result of the paper. 
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Theorem 7.13. Assume Hypothesis 15. 
and |7.3| . Then the Riccati equation (F 
form 

written with respect to the decomposition TL = H. 
has reducing graph subspaces G% = G(Hi, Qji), i — 0, 1, j — 1 — i. If H and A are 
resolvent comparable and'B is a Hilbert- Schmidt operator, then Ai+BijQji, i = 0, 1, 



and at least one of Hypotheses 7.1, 7.2, 
ftas a strong solution Q G B{TL) of the 



Q* Ql £ B(H ,Hi), 

Til and hence the operator H 



j = 1 — i, are admissible operators. Moreover, Ai+BijQji and A 



0,1, J = i- 



are resolvent comparable. For the spectral shift function £(A, H, A) associated with 
the pair of self-adjoint operators (H, A) one has the decomposition 

(7.18) £(A; H, A) = £(A; A + B 01 Q 10 , A ) + £(A; Ax + B 10 Qoi,Ai) (mod Z), 

/or a. e. A £ R. 

Moreover, the spectral shift functions £(A; Aj + B^Qji, A{) associated with the pairs 
(Ai + BijQji, A-i), i = 0, 1, j = 1 — i, can be chosen in such a way that 

(7.19) £(A; Ai + I A t ) = for a. e. A e spec(Aj), 

i = 0,l, i = 1 — i. 

Proof. Under the assumptions of the theorem the existence of a st rong solution 



Q £ B(H) of the Riccati equation (5.8) is guaranteed by Lemma |5.3| and Theorem 
7.4 , Theorem 7M or Coro llary 7.5 . Since, by hypothesis, B £ S 2 (W), one infers 
Q G B2CH) by Theorem 7.11 . Thus, the assumption (i) of Theorem [O] holds. 
Therefore, BQ is a trace class operator, and hence the assumption (ii) of Theorem 
5.1 holds. The assumption (iii) of Theorem 3.1 holds by hypothesis and, therefore, 



Ai 
% - 



+ B 



tj Jl 1 



0,1, j 



i = 0,1, j = 1 — i, are admissible operators, Ai + Bij Qji a nd Ai, 
1 — i, are resolvent comparable and the decomposition (7. IS) takes 



place by Theorem 6.1 



Introducing the family H t = A + iB, t S [0, 1], by Lemma 7.10 one infers the 
existence of the operators Qij(t) € B(Tti,Ttj) that continuously depend on t G [0, 1] 
in the topology of the space B(Hi,Hj) and are such such that H t , t G [0,1] has 
reducing graph subspaces 

Gi(t) = G(Hi, Quit)), i = 0,l,j = l-i, t £ [0, 1]. 

Therefore, by Lemma 5.3 the Riccati equation 

(7.20) Q t A - AQ t + Q t (rB)Q t = iB, t £ [0,1], 

has a strong solution Q t which reads with respect to the decomposition ( |5.2| ) as 

Qoi(t) 
Q10O) 

and Qji(t) = -[Qij (*)]*, t £ [0, 1]. Hence, each entry Q 3l (t), t £ [0, 1], in J7.2lj) is 
a strong solution of the Riccati equation 

(7.22) Qji(t)Ai - AjQjiit) = tBji - / Q ; , ;/:./)', , Q ; ,.:/ :. t £ [0, 1]. 



(7.21) 



Q t = 



t£ [0,1], 



Since Qji(t) is continuous in the norm operator topology, the r. h. s. of (7.22) de- 
pends continuously on t £ [ 0, 1] in the topology of the space B^^Hi, Tij). Therefore, 
by Theorem ^7| (estimate fl2.14j )) the path Qji(t), t £ [0,1], is continuous in the 
topology of the space B2{'Hj,'Hi), and, thus, the family {i-B^ Qji (£)}{£ [0,1]) i = 0, 1, 
j = 1 — i, is continuous in the topology of the space B\{Hi,TLj). 
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Clearly, the map 

(7.23) t^tA+^Q^i)-^ 1 -^,-^ 1 )^!^,), te[Q,i], 

i = 0,l, lm(z)^0. 
is continuous in the topology of the space Si(Wj), i = 0,1. Taking into account 
that the family Qji(t)Qji(t) is continuous in the topology of Bi(Tti), i = 0,1, 
and introducing the self-adjoint representatives of the admissible operators A; + 
tByQjiit), i = 0, 1, j = 1 - i, t 6 [0, 1], 

(7.24) H,(t) = [J«« + Q^Q^ft)] 1 / 2 ^ + tfly (}*(«))[/«« + Q* J (<)Q JJ (t)]- 1 /2 ; 

te [0,1], 

one concludes that the map 

(7.25) t^[H 1 (t)-2)- 1 -(A,-z)- 1 ]eB 1 (K 1 ), *e[0,l], 

is also continuous in the topology of Bi(Hi), i = 0,1. 
Let 



!{A : dist{A, spec(Aj)} > d/2}, if Hypothesis [7^1 holds, 
{A : dist{A, spec(Aj)} > d/ir}, if Hypothesis [t7^ holds, 
R\ convex hull (spec(Aj)), if Hypothesis 7.3 holds, 
j = 0,1. 

Obviously 

(7.26) spec(Aj) c A,, i = 0, 1, j = 1 - i. 

Our claim is that Aj, i = 0, 1, belongs to the resolvent set of H;(i), i = 0, 1, for 
all t G [0, 1], that is, 

(7.27) A 4 nspec(H 2 (t)) = 0, i = 0, 1, t G [0, 1]. 



Un der Hypothesis 7^3 the statement ( 7.27 ) is a consequence of Theorem 7/7 (Eq. 

Assume, therefore, either Hypotheses 7_A_ or Hypotheses 7.2 . 
Under Hypothesis 7J, applying Theorem 7A one obtains the following uniform 
bounds 

||tB y Q i4 (f)|| < ^, 1 6(0,1], » = 0,1, j = l-i. 
Thus, one concludes that 

{A: dist{A,spec(A ( )} > d/2}f] spec(A, + tB^Qj^t)) = for alH G [0,1], 

« = 0,1, j = 1 -i. 

Under Hypothesis 7.2 th e op erator Qj,(t), i = 0, 1, j = 1 — i, t G [0, 1], is a strict 
contraction by Theorem 7.6. Therefore, 

WtBijQjiit)]] < -, £6 [0,1], i = 0,l, i = l-i, 

7T 

and 

{A : dist{A, spec(A)} > d/vr} Q spec(A + tB^Qj^t)) = for all t G [0, 1], 

i = 0,1, j = l — i. 

By ( |7.24| ) the operators Hj(i) and A + tB ^Qj^t), i = 0, 1, j = 1 - i, t 6 [0, 1], are 
similar to each other, which proves (7.27) under Hypotheses |7T| or/and |L2|. 
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Applying Lemma 7.12 one proves that there is a family of spectral shift functions 
£( • ; Hj(£), -Ai)}tg[o,i]i i — 0,1, continuous in the topology of the weighted space 
L 2 (R; (1 + A 2 )" 1 ) such that 



(7.28) 



e(A;Hi(i),A) =0for a.e. Ae [o^&j], t£ [0,1], 



0,1, 



for any interval [flj, 6j] C Aj, £ = 0,1. By ( 7.25 ) the operators (H, (i) and Ai, 
i = 0, 1, t £ [0, 1], are resolvent comparable and, hence, by Lemma |47q one has the 
representation 

t(\;A i +tB ij Q ji (t),Ai)=Z(\;H i (t) ) A i )iorn.e. A e K, te[0,l], $ = 0,1, 

since Hi(t) are self-adjoint representatives of the admissible operators Ai+tBijQji(t). 
i = 0, 1, j = 1 — i, t £ [0,1]. It follows that the spectral shift functions £(A; Ai + 
BijQji, Ai) associated with the pairs (Ai + BijQji, Ai) i = 0, 1, j = 1 — i, can be 
chosen in such a way that for any interval [ai, 6J C Aj, J = 0,1, 



(7.29) 



t(\;A i + B iJ Q j i,Ai) = for a.e. Ae^.ftJcA, 



i = 0,l, j = l-i, 
which, in particular, implies assertion ( 7.19] ), since (7.26) holds. 



□ 



Remark 7.14. Assertion (^2) under Hypothesis 7\2 i n the c ase where B is a trace 



class operator has b een pro ven by Adamjan and hanger \ AdLl ] ■ Therefore, the main 
result of the paper AdLl in its part related to th e ex istence of the spectral shift 
function and to the validity of the representation ( |6.2| ) is a particular case of our 
more general considerations. 



U*HU = 



Corollary 7.15. Assume the hypothesis of Theorem 7.12. Then 

(i) the operator matrix H can be block- diagonalized by a unitary transformation 

' H 
H x 

where U is the unitary operator from the polar decomposition 

I + Q = U|I + Q|; 

(ii) for the spectral shift function £(A; H, A) the following splitting formula holds 

C(A;H,A) =Z(\;H ,A )+Z(A;H 1 ,A 1 ) (mod Z), 
for a.e. A £ K; 

(hi) the spectral shift functions £(A; Hi, Ai), i = 0,1, can be chosen in such a way 
that 



(7.30) 



£(\;Hi,Ai) — for a.e. A £ spec(Ai_i), 



0,1. 
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